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ABSTRACT
The f i r s t  o rd e r  and th e  second o rd e r  o p t i c a l  p o t e n t i a l  i s  u sed
in  th e  a n a ly s i s  o f  s h i f t s  and w id th s  o f  th e  l a s t  o b se rv ed  le v e l  in
k ao n ic  atom s. The e f f e c t  o f  th e  P a u l i  c o r r e l a t i o n  f o r  p lane-w ave
n u c leo n  s t a t e s  and harm onic o s c i l l a t o r  wave fu n c t io n s  i s  s tu d ie d  in  th e
case  o f  k ao n ic  ca rb o n . In  each  in s ta n c e ,  an e q u iv a le n t  lo c a l  form  o f
th e  o p t i c a l  p o t e n t i a l  i s  u se d . The v a l i d i t y  o f  th e  c lo s u re  ap p ro x im a tio n
i s  in v e s t ig a te d  by e x p re s s in g  th e  second o rd e r  o p t i c a l  p o t e n t i a l  in  te rm s
o f  s in g le  p a r t i c l e  e n e r g ie s .  T h is  i s  done by u s in g  th e  KMT* fo rm alism
and by em ploying th e  o c c u p a tio n  number r e p r e s e n ta t io n ,  w ith  th e
ap p ro x im atio n  th a t  th e  n u c le u s  may be r e p re s e n te d  by a s in g le  S l a t e r
d e te rm in a n t. The KN s c a t t e r i n g  le n g th s  o b ta in e d  by M artin  (1976) a re
*
e x t r a p o la te d  to  th e  re g io n  o f  th e  Yq ( 1405) re so n a n c e  and a r e  u sed  as
in p u t a m p litu d e s . Some phenom eno log ical c a l c u la t io n s  a r e  p e rfo rm ed
w ith  th e  o b je c t  o f  e lu c id a t in g  g e n e ra l c h a r a c t e r i s t i c s  o f  th e  k a o n -n u c le u s
i n t e r a c t i o n ,  and to  check th e  s e n s i t i v i t y  o f  th e  r e s u l t s  to  th e  v a r i a t i o n
o f  th e  n u c le a r  s t r u c t u r e  p a ra m e te rs .
The te c h n iq u e s  o f  o b ta in in g  av e ra g e  s c a t t e r i n g  le n g th s  and th e
e x t r a p o la t io n  o f  th r e s h o ld  v a lu e s  o f  s c a t t e r i n g  le n g th s  to  th e  r e g io n
o f  Y*(1405) re so n a n c e  a re  rev iew ed  and r e - e v a lu a te d  in  v iew  o f  th e
a v a i l a b i l i t y  o f  new tw o-body d a ta .  To a s s e s s  th e  u s e fu ln e s s  o f  f o ld in g -
fmodel p o t e n t i a l s  in  th e  s tu d y  o f  k ao n ic  a tom s, th e  u s u a l te c h n iq u e  i s  
r e v is e d  f o r  d i f f e r e n t  s e t s  o f  th e  tw o-body d a t a .  The r e s u l t s  a r e  found  
to  be v e ry  s e n s i t i v e  to  th e  ran g e  o f  th e  k a o n -n u c leo n  f o r c e .
The e le c tro m a g n e tic  t r a n s i t i o n  r a t e s  a r e  com puted by ta k in g  in t o  
a cc o u n t th e  d i s t o r t i o n  o f  th e  a tom ic  wave f u n c t io n s  in  th e  p re s e n c e  o f  
s t r o n g  in t e r a c t i o n .  The enhancem ent in  th e  w id th  i s  o b se rv e d  t o  be
* Kerman, MacManus and T h a le r  (1959) 
^ D e lo f f  A. and Law J .  (1974)
n e g l ig ib l e  com pared to  some o th e r  e le c tro m a g n e tic  c o r r e c t io n s .  The 
in fo rm a tio n  g a in ed  by s tu d y in g  th o s e  p ro c e s s e s  w hich mix a tom ic  and 
n u c le a r  d e g re e s  o f  freedom  i s  a l s o  d is c u s s e d .
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INTRODUCTION
S in ce  th e  ad v en t o f  N u c lea r P h y sics  w ith  th e  d is c o v e ry  o f  th e  
n u c le u s  (R u th e rfo rd  1919), th e r e  h as  been a c o n s id e ra b le  acc u m u la tio n  
o f  in fo rm a tio n  ab o u t n u c le a r  s t r u c t u r e  and th e  fo r c e s  t h a t  b in d 't h e  
n u c le u s  to g e th e r .  The main so u rc e  o f  such  in fo rm a tio n  h as  been  th e  
s c a t t e r i n g  o f  v a r io u s  p r o j e c t i l e s  o f f  a  t a r g e t  w hich c o u ld  be a  n u c leo n  
o r  th e  n u c le u s  as  a  w hole. W hereas t h i s  method rem ains  th e  m ost 
e x te n s iv e ly  u sed  to  d a te ,  th e  developm ent o f  a l t e r n a t i v e  m ethods h a s  
p ro v ed  to  be h ig h ly  d e s i r a b l e  f o r  su p p lem en tin g  and im prov ing  th e  e x i s t i n g  
d a ta .  A p art from  n u c le a r  r e a c t io n s ,  a  p rom inen t exam ple i s  th e  u s e fu ln e s s  
o f  muonic atoms in  o b ta in in g  n u c le a r  s i z e  in fo rm a tio n . S in ce  th e  
i n t e r a c t io n s  o f  a muon w ith  th e  n u c le u s  i s  l im i te d  to  o n ly  e le c tro m a g n e tic  
i n t e r a c t i o n ,  a muonic atom behaves l i k e  an o rd in a ry  e l e c t r o n i c  atom a p a r t  
from  th e  s c a l in g  in  th e  s iz e  o f  th e  o r b i t .  The lo w est a n g u la r  momentum 
s t a t e s  have a  s i g n i f i c a n t  o v e r la p  w ith  th e  n u c le a r  wave fu n c t io n  an d , 
th e r e f o r e ,  t h e i r  e n e rg ie s  p ro v id e  in fo rm a tio n  ab o u t shape and s i z e  o f  
th e  n u c le a r  ch arg e  d i s t r i b u t i o n .  The s tu d y  o f  h a d ro n ic  atom s i s  an 
e x te n s io n  o f  th e  e x p e rie n c e  in  d e a l in g  w ith  muonic atoms and th e  am p li­
f i c a t i o n  o f  th e  i n i t i a l  su c c e ss  th u s  o b ta in e d .
A com plete  s tu d y  o f  such  system s i s  a fo rm id ab le  ta s k  in v o lv in g  
i n t r i c a c i e s  o f  v a r io u s  d i s c i p l in e s  o f  p h y s ic s  such  as  A tom ic, S o l id  S t a t e ,  
N u c lea r and E lem en ta ry  P a r t i c l e  P h y s ic s . When a  muon o r  a  h ad ro n  s to p s  
in  m a t te r ,  th e  d e s c r ip t io n  o f  i t s  c a p tu re  by v a r io u s  atoms in  d i f f e r e n t  
Bohr o r b i t s  and a n g u la r  momentum s t a t e s  and i n i t i a l  decay  to  low er l e v e l s  
by Auger and E le c tro m a g n e tic  t r a n s i t i o n s  l i e s  in  th e  domain o f  A tom ic 
and S o lid  S ta t e  P h y s ic s . The way t h i s  a l i e n  p a r t i c l e  i n t e r a c t s  w ith  
th e  n u c le u s  in  i t s  l a s t  s ta g e  o f  cascad e  i s  a q u e s tio n  p e r t i n e n t  to  
N u c lea r  P h y s ic s . F in a l ly ,  th e  knowledge o f  E lem en tary  P a r t i c l e  P h y s ic s
i s  r e q u ir e d  to  e x p la in  i t s  decay  and r e a c t io n  w ith  th e  n u c le o n s .
The l i g h t e s t  o f  a l l  h a d ro n ic  atoms i s  th e  p io n ic  atom . The 
a r t  o f  s to p p in g  p io n s  in  e le m e n ts , th ro u g h o u t th e  p e r io d ic  t a b l e  and 
m easu ring  th e  s h i f t s  and w id th s  o f  v a r io u s  le v e ls  has re a c h e d  an a p p re c ia b le  
l e v e l  o f  s o p h i s t i c a t i o n .  E q u a lly  im p re s s iv e  i s  th e  im provem ent in  
t h e o r e t i c a l  u n d e rs ta n d in g . I t s  u s e fu ln e s s  in  d e r iv in g  n u c le a r  s t r u c t u r e  
in fo rm a tio n  i s ,  how ever, p r o h ib i t iv e  owing to  th e  im p o rtan ce  o f  s -  and 
p-w aves and th e  a b s o rp t io n  on two n u c le o n s  b ecau se  o f  k in e m a tic a l  re a s o n s .
The k a o n ic  atoms w ere i n i t i a l l y  th o u g h t to  b e  th e  id e a l  so u rc e  o f  
in fo rm a tio n  ab o u t th e  n u c le a r  s u r f a c e  b ecau se  o f  t h e i r  la rg e  a b s o rp tio n  
p r o b a b i l i t y  s e v e r a l  fe rm is  o u ts id e  th e  h a l f - d e n s i ty  r e g io n  ( F ig .1 -1 ) and 
t h e i r  p red o m in an t a b s o rp tio n  on s in g le  n u c le o n s . The c o m p le x it ie s  o f  
KN p rim ary  i n t e r a c t io n s  and th e  p re se n c e  o f  s u b - th re s h o ld  re s o n a n c e s ,  
how ever, make t h i s  te c h n iq u e  l e s s  p ro m is in g , a t  l e a s t  a t  t h i s  s ta g e  o f  
o u r u n d e rs ta n d in g .
1 .1  B as ic  F o rm u la tio n
The kaon w hich ta k e s  p a r t  in  th e  fo rm a tio n  o f  k a o n ic  atom s h as  th e  
fo llo w in g  p r o p e r t i e s .
Mass 493.668 ± 0 .0 1 8  MeV (PDG - 1978)
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Like o th e r  e x o t ic  a tom s, a  k ao n ic  atom i s  form ed when a kaon i s
s to p p ed  in  m a tte r  to  form  bound s t a t e  w ith  th e  a to m ic  n u c le u s .  The
c a p tu re d  kaon i s  i n i t i a l l y  in  a  h ig h ly  e x c i te d  s t a t e  o f  th e  atom . I t ,
th e n , ca sca d es  down to  low er l e v e l s ,  f i r s t  by A uger t r a n s i t i o n s  and th e n
by r a d i a t i v e  t r a n s i t i o n s  u n t i l  s u f f i c i e n t l y  low o r b i t s  a r e  re a c h e d  when
i t  i s  ab so rbed  by th e  n u c le u s .  The K-p t o t a l  c r o s s - s e c t io n  shows
re s o n a n t b e h a v io u r . The two re so n a n c e s  w hich a r e  o f  i n t e r e s t  in  th e  s tu d y
*
o f  k ao n ic  atoms a re  Yn (1405) w hich i s  an i s o s i n g l e t  Si s t a t e  w ith  b in d in gu 2
*
energy  ^  27 MeV and Y^(1385) w hich i s  an i s o t r i p l e t  P .^  s t a t e  w ith
b in d in g  energy  ^  47 MeV. The w id th s  o f  th e s e  s t a t e s  a re  35 MeV and
*
50 MeV r e s p e c t iv e ly .  The re so n an ce  Yq ( 1405) i s  o n ly  27 MeV below  
th re s h o ld  and i t  can ap p ea r o n ly  in  th e  K p ch an n e l b ecau se  o f  i s o s p in  
c o n s id e ra t io n s .
The kaon -n u c leo n  r e a c t io n s  w ith  s i g n i f i c a n t  c r o s s - s e c t io n  a re  as 
fo llo w s :
Is o s p in  Q-Value (MeV)
Kip Z" + tt+ (0 ,1 )  96 .6
-> E+ + it" (0 ,1 )  103.1
-*■ 1° + it0 (0 ,1 )  105.6
A° + tt° 1 181,8
K”+n ** £ + tt^  1 102 .4
+  E° + tT  1 102 .3
A0 + tt~ 1 178.5
The a b s o rp tio n  o f  th e  kaon m ain ly  ta k e s  p la c e  on s in g le  n u c le o n s . 
However th e  fo llo w in g  p ro c e s s e s  a re  a ls o  o b se rv ed :
They acco u n t f o r  a lm o st 20% o f  th e  t o t a l  a b s o rp tio n  in  heavy
n u c le i .
For a  p o in t  n u c le u s  and in  th e  p re se n c e  o f  o n ly  e le c tro m a g n e tic
fo rc e s  th e  b in d in g  e n e rg ie s  and r a d i i  o f  k ao n ic  s t a t e s  a re  g iv en  in  
t e r m s  of th e  k a o n  .n u c le u s  red u ced  mass pA ,l>y
B = 4 V  - ^ - 2 * 13 .14  Z2 KeV 
n 2n 2
r  = —  * 54 .77  Z' 1 fms
n " a
where m^ i s  th e  mass o f  kaon and a -  (1 3 7 .0 3 6 )” 1 i s  th e  f in e  s t r u c t u r e
c o n s ta n t .  Compared to  e l e c t r o n i c  a tom s, th e  e n e rg ie s  and r a d i i  a re
i^ K
s c a le d  by a  f a c t o r  —  ( ^  960 MeV). T h e re fo re  th e  p r in c i p a l  quantum
e
number 'n* f o r  w hich k ao n ic  o r b i t  i s  ap p ro x im a te ly  eq u a l to  th e  l s -  
e l e c t r o n i c  o r b i t  i s  ^  31.
A lthough th e  k a o n ic  m otion i s  n o t v e ry  r e l a t i v i s t i c  i t  i s  e a sy  
to  in c lu d e  r e l a t i v i s t i c  e f f e c t s  by u s in g  th e  K lein-G ordon e q u a t io n .
[ V2+ (E -  Vp c )2  -  y2] ^ ( r )  = 0 (1 .1 )
(c = h  = 1 u n i t s  have been u sed) 
w here E " »A ‘  Bni>
In  th e  above e q u a tio n s  y^ i s  th e  k a o n -n u c leu s  (A - p a r t ic le )  red u ced  
m ass, i s  th e  Coulomb p o t e n t i a l  and i s  th e  b in d in g  en erg y  o f  th e  
le v e l  (n il) . For a p o in t  ch arg e  t h i s  g iv e s
Bn* = UA {1 ' 1 +
Z2a 2l
-2j
rZ2a 2 Z^a^ 
-  y A {--------- + --------
2n 2 2n
n
£ + | 4
where
n" = n - £ - £ + [ (£  + 2 ) 2 -  Z2a 2] 5
I f  V i s  r e p la c e d  by Vc , i . e .  th e  Coulomb p o te n t i a l  due to  th e  n u c le u s  
o f  f i n i t e  s i z e ,  th e n  e q . ( l . l )  m ust be so lv e d  n u m e ric a l ly .  In  c a se s  where 
p e r tu r b a t io n  th e o ry  i s  a p p l ic a b le  (sm a ll z o r  la rg e  £) th e  e f f e c t  o f  th e  
f i n i t e  s iz e  o f  th e  n u c le u s  ap p ea rs  in  th e  form  o f  an energy  s h i f t  g iv en  
by
ABnil K t W  Cvc -  v  d 3 r Cl. 2)
The p re se n c e  o f  th e  s tro n g  i n t e r a c t i o n  i s  in c o rp ro a te d  in  e q u a tio n  (1 .1 )  
by add ing  to  V • By n e g le c t in g  th e  te rm  and r e p la c in g  (E- VC)V^
by UAVN one g e t s ’
I f  * CE -  Vc )2  - p |]  *n l Cr) = 2pAVN ^ ( r ) (1 .3 )
The e q u a tio n  (1 .3 )  can be so lv e d  n u m e ric a l ly  to  o b ta in  th e  complex
e n e rg ie s .  The d e s c r ip t io n  o f  Buck’s method o f  s o lv in g  t h i s  e q u a tio n  i s
g iv en  in  A ppendix I .  Assuming th e  know ledge o f  th e  s o lu t io n  o f
e q .( 1 .3 )  g iv e s  a  com plex en erg y  w hich d i f f e r s  from  th e  u n p e r tu rb e d  e n e rg y
( i . e .  th e  en e rg y  in  th e  p re se n c e  o f  th e  Coulomb in t e r a c t i o n  a f t e r  a p p ly in g  
e.m . c o r r e c t io n s )  by
 ....................................Bn t (C o u l-) -  BnJlCCoul • + S . I )  = - c n£ -  i VnS, / 2 ( 1 . 4)
(o r E  ^ (SI + C o u l.)  -  E „ (C o u l .)  = e fl+ir n/>) n £ ->n£v J n £ -*n£'- J n£ n £ /2 '
E q u a tio n  (1 .4 )  d e f in e s  th e  energy  s h i f t  e and th e  w id th  o f  th e  
k a o n ic  s t a t e  (n£) .
The e x p e rim e n ta l s h i f t s  a re  d e f in e d  as
E n ' r ^ ( M e a S U r e d )  -  E S ^ i ( C a l p u l a t e d ) ' =  + E n *  ( 1 S )
A nother q u a n t i ty  o f  i n t e r e s t  i s  th e  r a t e  o f  n u c le a r  a b s o rp t io n  from  
th e  u p p er l e v e l ,  i . e .  X -ray  y ie ld  f o r  t r a n s i t o n  (n " £ ')  (n £ ) . The
t h e o r e t i c a l  y i e ld  i s  d e f in e d  as
„rad.
r a d .  a b s .
n ' l '  ( 1 . 6)
w here P „  ^ i s  th e  p o p u la tio n  p r o b a b i l i t y .n 36
The e x p e rim e n ta l y ie ld  i s  g iv en  by
yexp . _ * (n^+1) n"
n ' l '  E I ,  .  m •n^ „ n.-*-(n +1) (1 .7 )n . >n i  v v  
i
I n t e n s i t y  o f  th e  l a s t  X -ray  o b se rv e d .
Sum o f  th e  i n t e n s i t i e s  o f  t r a n s i t o n s  
fe e d in g  th e  second l a s t  l e v e l .
The main c o r r e c t io n  in  th e  e n e rg ie s  o b ta in e d  from e q u a tio n  (1 .1 )  i s  th e
vacuum p o la r i z a t i o n  c o r r e c t io n .
EVp I2 VVp(^  d 3 r" t l , 8 ')
To lo w es t o rd e r
vv p «  = i f laZ pc h . - -CrO Kt h - r D  d 3rr - r
n 2F or r «  X (Compton wave le n g th  o f  e le c t r o n )  and ■=—_ «  |— - e
l0gXe S
= c j r ^ r ' l  - 6 
where c = 1.781 (Schw inger 1949j
1 .2  E x p erim en ta l In fo rm a tio n
S in ce  th e  p ro d u c tio n  o f  kaons r e q u i r e s  a p ro to n  beam o f  a t  l e a s t  
5 GeV, th e  e x p e rim e n ta l d a ta  w hich i s  r e le v a n t  in  th e  s tu d y  o f  k ao n ic  
atoms comes from  a l im i te d  number o f  h ig h  energy  l a b o r a to r i e s .  The 
r e s u l t s  we have q u o ted  h e re  a re  m a in ly  from  th e  fo llo w in g  s o u rc e s :
( i )  Lawrence B erk e ley  L a b o ra to ry  (USA), ( i i )  Argonne N a tio n a l L ab o ra to ry  
(USA) ( i i i )  European O rg a n is a tio n  f o r  N u c lea r R esearch  (£ERN -  G eneva), 
( iv )  R u th e rfo rd  L a b o ra to ry  (GB). These d a ta  f a l l  in to  th e  fo llo w in g  
f iv e  c a te g o r ie s :
1. The s tu d y  o f  e lem en ta ry  KN i n t e r a c t i o n ,  i . e .  th e  m easurem ent o f
k ao n -p ro to n  s c a t t e r in g  c r o s s - s e c t io n  and th e  c r o s s - s e c t io n s  f o r
kao n -n u c leo n  r e a c t io n s  in  d i f f e r e n t  i s o s p in  s t a t e s .
2. The m easurem ents o f  th e  i n t e n s i t i e s  o f  X -rays e m itte d  due to  th e
r a d i a t i v e  t r a n s i t i o n  o f  kaons c a p tu re d  in  an e x c i te d  s t a t e .
3. The m easurem ents o f  th e  s h i f t s  and w id th s  o f  a tom ic  en erg y  l e v e l s .
4 . D e te rm in a tio n  o f  th e  kaon mass and p o l a r i z a b i l i t y .
5. I n v e s t i g a t io n  o f  r e a c t io n  p ro d u c ts  and y - r a ys e m itte d  a f t e r  th e
a b s o rp tio n  o f  kaons in  n u c l e i .
In  th e  fo llo w in g  s e c t io n  we g iv e  some ty p i c a l  r e s u l t s  o b ta in e d  in  
each  o f  th e  above m entioned  c a s e s .
1 .2 .1  E lem en tary  KN I n te r a c t io n
For th e  s tu d y  o f  k ao n ic  a tom s, th e  m ost im p o rta n t in p u t  q u a n t i ty  i s  
th e  s c a t t e r i n g  a m p litu d e  d e r iv e d  from  KN s c a t t e r i n g  and r e a c t io n  c r o s s -  
s e c t io n s .  We a re  s p e c ia l ly  i n t e r e s t e d  in  th e  low energy  re g io n  
(E s 250 MeV), however h ig h  energ y  d a ta  in  th e  re g io n  o f  1 - 3 GeV can 
a ls o  be e x p lo i te d  to  g a in  r e le v a n t  in fo rm a tio n  th ro u g h  th e  u se  o f  d is p e r s  
r e l a t i o n s  (M artin  A.D. 1976).
The u s u a l p ro c e d u re  i s  to  s to p  a low -en erg y  kaon beam in  hydrogen
bubb le -cham ber and p h o to g rap h  th e  r e s u l t i n g  e v e n ts .  The f i lm  i s  th e n  
scanned  f o r  a l l  to p o lo g ie s .  The k in e m a tic a l  r e c o n s t r u c t io n  and f i t t i n g  
to  r e a c t io n  h y p o th e se s  i s  done by com puter. Some ty p i c a l  r e s u l t s  
o b ta in e d  by t h i s  p ro c e d u re  a re  shown i n  th e  f ig u r e  1- 2 -
1 .2 .2  X -ray  I n t e n s i t i e s
Wiegand and G odfrey(1974) have made an e x te n s iv e  s tu d y  o f  th e  
i n t e n s i t i e s  o f  'k a o n ic  atoms o f  e lem en ts  and p u re  is o to p e s  ra n g in g  from  
Z=2 to  Z=92. The m ost n o t ic e a b le  b eh a v io u r o f  An=-1 t r a n s i t i o n s  i s  
th e  non -u n ifo rm  a t t e n u a t io n  o f  th e  i n t e n s i t y  o f  a  p a r t i c u l a r  l i n e  w ith  
r e s p e c t  to  changes in  Z ( F ig u re  1-3  ) e .g .  th e  i n t e n s i t y  o f  th e  4->-3 l i n e  
has a maximum v a lu e  0 .4 /k a o n ) f o r  Z=6 . With th e  d e c re a se  in  Z, t h i s  
v a lu e  d e c re a s e s .  An in c re a s e  in  Z a ls o  cau ses  a t te n u a t io n .  T here i s  
a maximum a g a in  a t  Z=12. A f te r  t h i s  th e  i n t e n s i t y  sm ooth ly  d e c re a se s  
due to  g r e a t e r  n u c le a r  a b s o rp tio n .  At Z=17, th e r e  i s  a lm o st com plete  
n u c le a r  a b s o rp t io n ,  so t h a t  th e  l i n e  subm erges in to  th e  background . The 
t r a n s i t i o n s  (6-*5) and (7-H3) show a minimum o f  i n t e n s i t y  a t  ab o u t Z=25 in  
th e  ran g e  Z=16-34. W ith in  a p a r t i c u l a r  atom , th e  i n t e n s i t i e s  o f  v a r io u s  
t r a n s i t i o n s  show an i n t r i c a t e  c o m p e tit io n  o f  A uger e m is s io n , e l e c t r o ­
m ag n e tic  e f f e c t s  and th e  o n s e t o f  n u c le a r  in c lu e n c e . For th e  sak e  o f  
com parison  w ith  t h e o r e t i c a l  p r e d ic t io n s ,  th e  y i e ld  d e f in e d  in  e q . 1.7 
i s  c a lc u la te d  u s in g  i n t e n s i t i e s  o f  th e  above m entioned  r e f e r e n c e  and i s  
g iv en  in  T ab le 1-1 a lo n g  w ith  e le c tro m a g n e tic  t r a n s i t i o n  e n e r g ie s .
The y ie ld  f o r  th e  4 f-3 d  t r a n s i t i o n  v e rs u s  atom number Z i s  p l o t t e d  in  
F ig u re  1 -3 .
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T ab le 1-1
Elem ent n -> n c E (KeV) e n r J
(mK= 493.84 MeV)
In-*-
Yn * exp X«.„
i
n c
i
9Be 3 - 2 27.717 0.431 ± 0 .2 3
10B 3 - 2 43 .582 . 0 .433  ± 0 .2 3
n B 3 > 2 43.781 0.289 ± 0 .7 3
12C 3 - 2 63.321 0 .0 6  ± 0 .25
1 6q 4 - 3 39.766 0. 86  ± 0 .0 4
23Na
Mg
4
4
3
3
76.014
90.606
0 .81  ± 
0 .53  ±
0 .04
0.12
Si 4 - 3 123.78 0 .33  ± 0 .0 8
3 lp 4 - 3 142.367 0 .205  ± 0.12
S 4 - 3 162.127 0.112  ± 0 .06
35 C£ 5 - 4 84.672 -0 .89  ± 0 .0 3
37C£ 5 - 4 84.74 0.86  ± 0 .0 3
Ti 5 - 4 142.549 0 .75  ± 0 .0 8
5 7y 5 - 4 155.941 0 .7 2  ± 0.11
Cr 5 - 4 169.872 0 .4 5  ± 0.1
55Mn 5 - 4 184.465 0 .6 4  ± 0 .1 5
Fe 5 - 4 199.595 0 .4  ± 0 .1 5
58Ni 5 - 4 231.671 0 .2 8  ± 0 .2 4
60Ni 5 - 4 231.739 0.22  ± 0 .41
62Ni 5 - 4 231.805 0 .25  ± 0 .18
6 3Cu 5 - 4 248.751 0 .2 7  ± 0.22
65Cu 5 - 4 248.813 0.255  ± 0.21
Zn 5 - 4 266.345 0.142 ± 0.21
Br 6 - 5 196.997 0 .5 2  ± o . i
Mo 6 _ 5 284.342 . 0 .523  ± 0 .1 7
( n ^ n )
ilem ent n nc E (KeV) em Yn =
*n-*nc
y  T
10 3Rh 6 5
(mK = 493.84  MeV) 
326.72
exp
0.86
2j 1n-»-n
i
± 0 .19
10 7Ag 6 - 5 356.612 057 ± 0 .19
10 9^g 6 - 5 356.645 0 .5 ± 0 .19
Cd 6 - 5 372.11 0 .64 ± 0.21
I 7 - 6 273.331 0 .69 ± 0 .0 8
llf2Nd 7 - 6 350.843 0 .61 ± 0 .2 3
!^ N d 7 - 6 350.861 1 .04 ± 0 .18
146Nd 7 - 6 350.878 0 .79 ± 0.22
l^ S m 7 - 6 374.791 0.95 ± 0 .15
12+8Sm 7 - 6 374.8 0 .875 ± 0.11
l "*Sm 7 - 6 374.809 0 .78 ± 0 .1 8
152Sm 7 - 6 374.836 0 .5 3 ± 0 .19
151+Sin 7 - 6 374.852 0 .857 ± 0 .1 9
156Gd 7 - 6 399:576 0 .79 ± 0 .4
158Gd 7 - 6 399.584 0 .64 ± 0 .51
167Er 8 - 7 292.413 1.00 ± 0 .1 3
l 70Er 8 - 7 292.43 1.00 ± 0.11
ISlTa 8 - 7 337.308 1 .13 ± 0 .19
I r 8 - 7 375.56 1.00 ± 0 .18
19 7Au 8 - 7 395.462 0 .96 ± 0.2
20 *71 8 - 7 415.892 0.95 ± 0 . 2
28 5 t£ 8 - 7 415.908 0.81 ± 0 .2 6
Pb 8 - 7 426.308 0 .87 ± 0 .0 8
209Bi 8 - 7 436.843 1.00 ± 0.1
232Th 8 - 7 514.29 0.88 ± 0 . 3
2 38y 9 — 8 367.78 1 .03 ± 0 .19
1 .2 .3  S h i f t s  and W idths
The s h i f t  and w id th  d e f in e d  in  e q u a tio n  (1 -4 ) 
i s  . a  d i r e c t  consequence o f  th e  kaon i n t e r a c t i o n  w ith  th e  n u c le u s  and 
t h e r e f o r e , t h e i r  p r e c i s e  d e te rm in a tio n  i s  v i t a l  in  o rd e r  to  d e r iv e  any  
in fo rm a tio n  ab o u t n u c le a r  s t r u c t u r e .  T here has been  in c r e a s in g  a c c u ra c y  
in  such  m easurem ents (B ack en sto ss  e t  a l  1972, 1974, B a tty  e t  a l  1976) 
p a r t l y  b ecau se  o f  th e  b e t t e r  d e te rm in a tio n  o f  th e  kaon m ass. A lthough 
a t  t h i s  s ta g e  th e  d a ta  would n o t  be c o n s id e re d  s u f f i c i e n t  o r  a c c u ra te  
enough t o  e x t r a c t  n u c le a r  in f o r m a t io n , i t  i s  now p o s s ib le ,  how ever, to  
com pile  th e s e  d a ta  o v e r a f a i r l y  w ide ran g e  o f  n u c l e i  and make an a t te m p t 
a t  i t s  s y s te m a tic  u n d e rs ta n d in g . We l i s t  (T ab le  1-2 ) th e  r e s u l t s  o f
s h i f t s  and w id th s  in  th e  case  o f  a l l  e lem en ts  s tu d ie d  to  d a te  by v a r io u s  
g ro u p s . A lso l i s t e d  in  th e  t a b le  a re  kaon m asses u sed  by v a r io u s  
a u th o r s .
A p art from th e  s h i f t s  and w id th s  o f  l a s t  o b se rv ed  l e v e l s ,  
B ack en sto ss  e t  a l  (1974) have s u c c e s s f u l ly  m easured a t h i r d  q u a n t i ty
i . e .  th e  w id th  o f  second l a s t  l e v e l  w hich i s  2-3  o rd e rs  o f  m ag n itu d e , 
s m a l le r .  T his p ro v id e s  a way o f  ch eck in g  th e  acc u racy  o f  s t ro n g  
i n t e r a c t i o n  p a ra m e te rs .
1 .2 .4  Kaon Mass and P o l a r i z a b i l i t y
To f i r s t  o r d e r ,  th e  en erg y  o f  an a to m ic  s t a t e  i s  p r o p o r t io n a l  to  
th e  mass o f  th e  bound p a r t i c l e .  T h e re fo re  a p r e c i s e  d e te rm in a tio n  o f  
t r a n s i t i o n  energy  p ro v id e s  an a c c u ra te  m easure o f  th e  mass o f  a n e a g t iv e ly  
charged  p a r t i c l e .  The f i r s t  a t te m p t to  f in d  th e  kaon mass by u s in g  
k ao n ic  atoms was made by Kunselmann (1971). The p ro c e d u re  ad o p ted  was 
as fo llo w s : F or a p a r t i c u l a r  t r a n s i t i o n  one c a l c u la te s  th e  t r a n s i t i o n
energ y  u s in g  th e  K lein-G ordon e q u a t io n . A f te r  a p p ly in g  c o r r e c t io n s  f o r  
e l e c t r o n  s c re e n in g ,  vacuum p o la r i z a t i o n ,  f i n i t e  s i z e  o f  n u c le u s  and th e
T able 1 -2
E lem ent
( T ra n s i t io n )
L i(3 d -2 p )
B e(3d-2p)
E (KeV) e .n r
15.319
27.711
- e (KeV)
-0 .0 0 2 ± 0 .0 2 6
0.079±0 .021
T(KeV)*
0 .055±0 .029
0 .172± 0 .58
R eference  
(mass o f  kaon in  MeV)
B a tty  e t  a l  (1977) 
(493 .707)
it
10B (3d-2p) 
n B (3d-2p)
43 .576
43.776
0.208+0.035 
0 . 167±0.035
0 .81
0 .7
±0.1
±0.08
B ack en sto ss  e t  a l  
(493 .73)
it
1972
12C (3 d -2p) 63 .317 0 .59  ± 0 .08 1 .7 3 ±0.15
(4 f-3 d ) 
k l  (4 f -  3d) 
S i(4 £ -3 d )
106.58
123.75
1 .3  ± 0 .5
2 .4  ± 0 .5
0 .9 8
4 .9
8.1
±0.19eV B ack en sto ss  e t  a l  
(493 .73)
± 1 .6  B arnes e t  a l  1974 
493 .715)
±1.2  "
1974
31P (4 f-3 d )  
(5 g -4 f)
142.354 0 .3 3  ± 0 .0 8 1 .44
1 .94
±0.12
±0.33eV
B ackensto ss e t  a l  
(492 .73) 
B ackensto ss  e t  a l
1972
1974
S (4 f-3 d ) 162.107 0 . 551±0.06 2 .33 ±0.06 ii 1972
(5g-4£) 3 .25 ±0.41eV ti 1974
S (4 f-3 d ) 
C £(4f-3d)
162.141
183.308
0 .5 7  ± 0 .18  
0 .7 7  ± 0 .04
2 .5
3 .8
±0.32
±1
Wiegand § G odfrey 1974 
(493 .84 ) 
B ack en sto ss  e t  a l  1972
(5 g -4 f) 5 .69 ±1.5eV 1974
C £(4f-3d)
C £(4f-3d)
C o(5g-4f)
N i(5 g -4 f)
182.351
182.23
215.460
231.655
1 .08  ±0.22  
0 .9 4  ± 0 .4  
0 .0 8 + 0 .0 5  
0 .2 6  ±0 .09
2 .79
3 .92
0 .9 8
1 ,34
±0.25
±0.99
±0.15
±0.14
Wiegand § G odfrey 1974 
(492 .84) 
Kunselmann e t  a l  1971 
(493 .87 )
B a tty  e t  a l  1976 
(493 .707)
ii
C u(5g-4f) 248.74 0 .24  ± 0 .22 1.65 ±0.72 B arnes e t  a l  1974
(6h-5g) 7.1 ±3.8eV ii
A g(6h-5g) 356.59 0 .5  ± 0 .13 2 .42 ±0.51 B a tty  e t  a l  1976
Cd(6h-5g) 372.051 0 .25  ± 0.12 3 .0 ±0.36 ii
P b (8 j-7 i) 426.27 0 .3 7 ±0.15 M il le t  1974
(9 k -8j ) 4 .1 ±2 eV ti
U (8 j-7 i) . 538.86 0 .26  ±0 .4 1 .5 ±0.75 it
y(9 k -8 j) 4 5 .5 ±24 eV ti
* u n le s s o th e rw ise  g iven
s t r o n g - i n t e r a c t i o n ,  th e  e n e rg ie s  a r e  o b ta in e d  as  a  f u n c t io n  o f  kaon m ass.
An e x p e rim e n ta l m easurem ent o f  th e  en erg y  i s  th e n  made and th e  co rre sp o n d in g  
mass o f  kaon i s  r e a d  from  AEc a  ^ vs m^- p l o t .  The m asses o b ta in e d  from 
v a r io u s  t r a n s i t i o n s  i n  v a r io u s  e lem en ts  a re  th e n  av erag ed  to  f in d  th e  
f i n a l  m ass. The v a lu e  found by Kunselmann (1971) was (493 .81  ± 0 .1 6 ) MeV 
[ a f t e r  u s in g  th e  c o r r e c t  e x p re s s io n  f o r  vacuum p o l a r i z a t i o n  c o r r e c t io n .  
Kunselmann (1974 ].
In  a  l a t e r  p a p e r  Kunselmann (1974) r e p o r te d  a  b e t t e r  a s se ssm e n t by 
in c lu d in g  t r a n s i t i o n s  from  n o n - c i r c u la r  o r b i t s  .This v a lu e  was 493.662 ± 0 .19  
MeV. M eanwhile B ack en sto ss  e t  a l  (1973) u sed  k a o n ic  atom X -rays from  
Au and Ba and found th e -k a o n  mass w ith  much g r e a t e r  a c c u ra c y . T h e ir  v a lu e  
i s  493 .691 ± 0 .04  MeV. T his was o b ta in e d  by u s in g
E - E ' = A +exp. c a lc .
Am
■ v ^ c a lc .
where Am
■V
was found from l e a s t  sq u a re s  f i t t i n g  o f  a l l  o b se rv ed  t r a n s i t i o n s
e x c e p t th o s e  f o r  w hich s tro n g  i n t e r a c t i o n  e f f e c t s  a r e  la r g e .  The v a lu e
o f  m^- u sed  by them  was 493 .75  MeV. Chang e t  a l  (1975) s u b se q u e n tly  made
a  r e - e v a lu a t io n  o f  th e  kaon mass by  ad o p tin g  a  s im i la r  p ro c e d u re  in  th e
K~-Pb. A ll r e le v a n t  c o r r e c t io n s  w ere made ( i . e .  vacuum p o la r i z a t i o n  to  
3 5 7o rd e r  a(Z a) * '  , h ig h e r  o rd e r  f i n i t e  s i z e ,  N u c lea r p o l a r i z a t i o n ,  
e l e c t r o n  s c re e n in g ,  e t c . ) .  L ea st sq u a re  f i t s  o f  6 K~-pb l i n e s  (8 -7
Am
th ro u g h  13+12) f o r  —  produced  a v a lu e  493 .657  ± 0 .0 2  MeV. The l i s t e d
mK~
v a lu e  ( P a r t i c l e  D ata Group, 1978) i s  493 .668 ± 0 .018  MeV.
For th e  p u rp o se  o f  mass m easurem ents, th e  a to m ic  o r b i t s  chosen  a re  
such  t h a t  th e  s t r o n g  i n t e r a c t i o n  e f f e c t s  (and s h ie ld in g  e f f e c t s  due to  
e l e c t r o n s )  a re  v e ry  sm a ll.  For th e  d e te rm in a tio n  o f  th e  kaon m ass, th e  
o r b i t s  o f  i n t e r e s t  a re  th o se  w here th e  n u c le a r  f i e l d  i s  s t r o n g e s t .  
B ack en sto ss  e t  a l  (1973) have e s tim a te d  th e  u p p er l i m i t  f o r  kaon
p o l a r i z a b i l i t y  ’a ^ ’ to  be 0.02  fm3 by n o t in g  th e  en erg y  s h i f t s  o f  two 
l i n e s  (8-*7 f o r  Au and 7-H3 f o r  Ba) caused  by
v r e 2Z 1V i ( r )  = ------------- —  .p o l a . v J 2 H ^
1 .2 .5  R eac tio n  P ro d u c ts
The d e te c t io n  o f  p a r t i c l e s  p roduced  as a r e s u l t  o f  K ~ -ab so rp tio n  
by n u c l e i ,  and th e  m easurem ent o f  t h e i r  e n e rg ie s  fu rn is h e s  im p o rta n t 
in fo rm a tio n  f o r  th e  u n d e rs ta n d in g  o f  n u c le a r  m a tte r  d i s t r i b u t i o n .  Two 
d i f f e r e n t  te c h n iq u e s  a re  g e n e ra l ly  ad op ted  f o r  t h i s  p u rp o se .
1. P h o to g ra p h ic  em ulsions
2. Bubble cham bers
P h o to g ra p h ic  em u lsions  o f  l i g h t  n u c le i  (C ,N ,0) and heavy n u c le i  (Ag,Br)
have been  u sed  by D avis e t  a l  (1967) to  m easure b ra n c h in g  r a t i o s  R ,
P :
R+_ d e f in e d  as
p N (I*7r + I  7T+)
Pn =
(1 .9 )
R = N(1+it ')
+" N(Z'7T+) ( 1 . 10)
where N(E+7r” +E” tt+) i s  th e  number o f  e v e n ts  in v o lv in g  a b s o rp t io n  o f  a 
kaon on a p ro to n ,  N(E~tt^) i s  a m easure o f  k~-n e v e n ts .  The r a t i o  R+ i s  
im p o rta n t in  th e  d e te rm in a tio n  o f  th e  r e l a t i v e  p hase  o f  1=0 , 1=1 ch an n e l 
f o r  th e  K~-p in t e r a c t i o n .  These q u a n t i t i e s  w ere a ls o  m easured by u s in g  
bu b b le  cham bers f i l l e d  w ith  m ix tu re s  o f  F reon (CF^Br) and p ro p an e  (C^Hg) 
[ e .g .  D avis e t  a l  1968], p u re  Freon (C s e jth e y -B a r th  e t  a l  19 6 9 ), neon 
(M oulder e t  a l  19 7 1 ), helium  (Katz e t  a l  1970) d e u te riu m  (Dahl e t  a l  1963) 
and hydrogen (Tovee e t  a l  1971, D avis e t  a l  1976). These r e s u l t s  a r e  
g iv en  in  T ab le  (1 -3 ) .
T able 1 -3
Elem ent R+ R R eferen ce
o r  Compound ~ Pn
H 2 .4 + 0.065 D avis e t  a l  1977
2h . 1 .2 + 0 .3 10.5 + 4 Dahl e t  a l  1963
He 3 .5 + 1 9 .0 + 4 Katz e t  a l  1967
Ne 1 .8 + 0.15 28 + 12 M oulder e t  a l  1973
CF3Br 1 .5
+ 0 .3 18 + 8- K night e t  a l  1964
(C ,N ,0) 1 .7 5 + 0 .15 21 + 4 D avis e t  a l  1967
(Ag,Br) 1 .5 + 0 .3 4:25 + 0 .7 ii
T able 1 - 4
„ . P e rc e n t O ccurrenceP rim ary  ,  ^ ( .
P ro cess  CFTBr+CTHc laJ CFTB rlaJ Neib jO O O o
K“p ^E"tt+ 1 0 .3  ± 1 .7  11 .1  ± 0 .05  15 .8  ± 2 .4
+ z V  14 .4  ± 2 .3  1 1 .3  ± 1 .4  29 .2  ± 2 .9
-*-E°7r° 1 1 .8  ± 1 .4  9 .6  ± 1 .5  20 .7  ± 1 . 8
-+A°7r° 1 3 .3  ± 1 .1  11 .8  ± 1 . 2  2 . 6  ± 0.9
■ K W t t 0 1 . 2  ± 0 . 4  3 . 2  ± 0.5  1,>6 ± 7
-+Z°tT 1 .2  ± 0 .4  3 .2  ± 0 .5  1 .6  ± 7
->A°7t" 26.6 ± 2.1 23 .6  ± ' 2 . 4  5 . 2  ± 1 . 3
M u ltin u c le o n  2 1 . 3 + 2 . 5  21 ± 3  22 ± 6
SECONDARY
Z~N*>AN 0 .5 /Z "
H y p e rn u c le i 0 .2  - 0 .3 5 /A
Pion  a b s o rp tio n
0 .0 8  -+ 0 .1 5 /p io n
Z d e c a y (n i)  ^  1/Z
A decay (pir) 0 .6 4  ± 0 .7 /A
(mr°) 0 .3 6  ± 0 .7 /A
Comments
a :  From th e  r e f e r e n c e s  
in  S ek i § Wiegand 1975
b : M oulder 1971
1 .2  f o r  2H 
(Dahl 1961)
16 .5  ± 2 . 6 . f o r  He 
(K atz 1967)
17±5 f o r  (C,N, 0) 
16±5 (Ag,Br) 
(Condo 1963)
R efe re n ces  from 
S ek i § Wiegand 1975
The o b s e rv a tio n  o f  p rim ary  r e a c t io n  p ro d u c ts  i s  re n d e re d  d i f f i c u l t  
by th e  o c c u rre n c e s  o f  seco n d ary  p ro c e s s e s .  Some o f  th e  most s i g n i f i c a n t  
o f  th e s e  a lo n g  w ith  th e  p e rc e n ta g e  o f  p r im a ry  p ro c e s s e s  a re  g iv en  in  
T ab le  (1 -4 ) .
On th e  b a s i s  o f  ta k in g  in to  acco u n t £ ,1  co n v e rs io n  p r o b a b i l i t i e s
(V. W elde-W ilquet e t  a l  1977) h as  s t r e s s e d  t h a t  th e  r a t i o
R  = Rn p Ch e avy )/R n p ( l i g h t )  (1 . 11)
sh o u ld  be d e te rm in e d  by d e f in in g
R = N (Z V )
nP H (lV ) '
T his in c r e a s e s  th e  v a lu e  o f  fL> from 5 . 0 +Q*g [as r e p o r te d  by D avis e t  a l .  
(1967)] to  5 . 8 ^ * q .
The e m iss io n  o f  y - ra y s  from  th e  e x c i te d  n u c le i  a f t e r  th e  a b s o rp tio n
o f  th e  kaon i s  a l s o  in v o lv e d  b ecau se  seco n d ary  y - ra y s  a re  p roduced  from
hyperons and h y p e rn u c le i .  A d e t a i l e d  s tu d y  o f  th e s e  y - ra y s  th ro u g h o u t 
th e  p e r io d ic  t a b l e  has been  made by G oulding e t  a l . (1977) and Wiegand e t  
a l . (1974) .
1 . 3  Atomic C ap tu re  and Cascade
On e n te r in g  a  m o d era tin g  medium, th e  f r e e  meson lo s e s  e n e rg y  a t  
a r a t e  g iv en  by th e  B ethe-B lock  fo rm ula
dE 47re4 NnZ 2m v 2
' d t  = ---------- ° - * n .m v Ie
where
v -  v e lo c i ty  o f  meson
E - Energy o f  in c id .  meson
Nq ,Z - Atomic c o n c e n tra t io n  and ch arg e
I - Mean io n i s a t io n  p o te n t i a l  o f  th e  medium
When th e  en erg y  o f  th e  in c id e n t  meson i s  s u f f i c i e n t l y  low, i t  can  be 
c a p tu re d  in to  a to m ic  o r b i t  e i t h e r  by  e m it t in g  a  y - r a y  C R adiative c a p tu re )  
o r  by e j e c t i n g  an a tom ic  e l e c t r o n  (Auger c a p tu r e ) .  I t  can be shown t h a t  
th e  l a t t e r  p ro c e s s  i s  dom inant (B aker 1960). The p a r t i a l  c r o s s - s e c t io n  
f o r  m esic  c a p tu re  in  a tom ic  o r b i t  n..JL w ith  th e  e j e c t i o n  o f  an  e le c t r o n  1
n ? ifrom  a  s t a t e  n ^ £ ' i . e .  a i s  r e q u ir e d  in  o rd e r  to  f in d  o u t th e  i n i t i a l
V ip o p u la t io n  o f  m esic  s t a t e s .
For an in c id e n t  meson o f  momentum k^ , th e  f r e e  and bound wave 
fu n c tio n s  a re  g iv en  by
ip n ( r n) = R n ( r «) Y (r .,)^ n ^ m ^  - 1 ' n l  l  J^m^ -1^
For th e  e l e c t r o n  w hich i s  e j e c te d  from th e  bound s t a t e  and goes
in to  continuum  w ith  th e  momentum k ^ , we have
= j j - J V  gJT (kf  r 2^
where a r e  C oulom b's w .f .n s .  The c r o s s - s e c t io n  f o r  t h i s  p ro c e s s
can be o b ta in e d  from
a . ~ 
i  ■+ f
| < f  | H ' | i  > | 2 p f ( E ) d !2
V .1
In  th e  ca se  o f  th e  kaon
v i  = k^^m ( In c id e n t  F lux)
K
m k ~6 fP f(E ) *= -------  (D en s ity  o f  th e  f i n a l  e l e c t r o n  s t a t e s  p e r
( 2 l T f t )
u n i t  s o l id  an g le  p e r  u n i t  en erg y  ran g e )
H" = e 2/ r  ( r  „ i s  th e  d is ta n c e  betw een e l e c t r o n  and kaon)eK v eK
|i>  = F C k g .rp  ♦n j Jlj J, - . ( r 2)
< f | = G *(-k£ , r 2)
The A uger c r o s s - s e c t io n  i s ,  th e n
n j q  = v / k f
n l £l  21r2fi‘t ki
l G* ( -k £ , r p
—  d 3 r' d3r2 l 2 dIiC-k£)
The ex p an s io n  o f  Cr e ^ ) _1 te rm s o f  s p h e r ic a l  harm onies g iv e s
n ' l '  m iiLe1* k~
« . ■ - 1 1 -  v1 !1 J J 2
" l 1 2ir2fi2 i
where I i s  th e  i n t e g r a l  o v e r a n g u la r  p a r t  and
A
CO *£
gr (kfr2} ~T+1 W (r2> f*(ki rP1 1  r  1 1
0 <
r l  r 2 drl dr2
A.D. M artin  (1963) has u sed  th e  above e x p re s s io n s  and by assum ing t h a t  th e  
m esic c a p tu re  o r b i t s  l i e  w e ll w ith in  th e  o r b i t s  o f  th e  e l e c t r o n  to  be 
e j e c te d ,h a s  made th e  fo llo w in g  o b s e rv a t io n s .
1. For v a r io u s  kaon e n e rg ie s  ( in  ex ce ss  o f  th e  k i n e t i c  en erg y  o f  th e  
e l e c t r o n  to  be e je c te d )  th e  m ost p ro b a b le  o r b i t  f o r  c a p tu re  i s  th e  
one w here th e  meson o r b i t a l  k i n e t i c  energy  i s  ap p ro x im a te ly  eq u a l 
to  i t s  in c id e n t  en erg y .
2 . For c a p tu re  in to  a g iv en  o r b i t  th e  most p ro b a b le  e l e c t r o n  to  be 
e j e c te d  i s  th e  one w ith  minimum n j ,  c o n s i s te n t  w ith  energ y
c o n s e rv a t io n .
3. The s i z e  o f  c a p tu re  c r o s s - s e c t io n  shows t h a t  e n e rg ie s  o f  <1 KeV 
w i l l  be re a c h e d  b e fo re  c a p tu re  ta k e s  p la c e .  T h e re fo re  one o f  th e  
o u te rm o st e l e c t r o n s  i s  e x p ec ted  to  be e j e c te d .
The t r a n s i t i o n  to  low er le v e l s  ta k e s  p la c e  by r a d i a t i v e  and Auger 
p ro c e s s e s .  The fo rm er p ro c e s s  i s  co m p le te ly  dom inant when th e  kaon i s  
w e ll in s id e  th e  e le c t r o n  K - s h e l l .  The r a t e s  o f  th e s e  a re  ap p ro x im a te ly  
g iv en  by (M artin  1962)
pr a d .  = l i i  (E _ E . M a x ( g .^ )
n l* l">n2 !'2 3fi‘*c3 n l  n 2 2*1 * 1
pAug.
n ^ £ ^ n £ 2
32Trm e **e
K -sh e ll  3ft3 
e l e c t r o n  e je c te d
Ze
ao
2 .M a x O ^ ,^ )
2£1+1
exp l j y  t a n 'V  - iry] .. , 2 -
s m h  Try 1 1   ^ j
pAug. 
n 4 -m2£2
167rm e 4 e
r \
z 1e
2
y 2 (4+3y2)(4 + 5 y 2)
L -s h e l l 3ft3 a o (4+y2) 3
e le c t r o n  e j e c te d
-1
M ax(4lS42) exp[4y  ta n  ( y /2) -  V ]
C l .14)
2 1 ^ 1 —  s in h  ^
w here £„ =2  ± 1 f o r  d ip o le  r a d i a t i v e  t r a n s i t i o n s
y “ Ze /k a Q
En = energy  o f  m esic (n ,£ )  s t a t e
Zg = E f f e c t iv e  charge f e l t  by Auger e le c t r o n
k = Mom. o f  e j e c te d  e l e c t r o n
and
f°o
I =
. o
R* „ ( r )  R ■ ( r )  r 2 d r
n2 2 V l
D e ta i le d  cascad e  c a lc u la t io n s  u s in g  th e  above fo rm ulae
and d i f f e r e n t  a n g u la r  mom. d i s t r i b u t i o n s  w ere made by M a rtin . He
found t h a t  th e  <-mom. d i s t r i b u t i o n s  (1) (2) and (3) g iv en  below
(1) « £ (£ -1 9 ) f o r  Z z  20
= 0 o th e rw ise
(2) « 2£+l
(3) = c o n s t t .
co rre sp o n d  to  a tom ic  c a p tu re  o f  K~ in  th e  n ^  100, 70 and 50 le v e l  
r e s p e c t iv e ly  f o r  heavy em ulsion  n u c l e i .  In  l i g h t  em ulsion  th e  c a p tu re  
i s  c e n tre d  around  n^ 'v 60 w ith  £^ 'v, These e s t im a te s  a re  o b ta in e d
by c o n s id e r in g  th e  em ulsion  to  be composed o f  monoatomic p a r t i c l e s  and 
ta k in g  in to  acco u n t th e  s c re e n in g  o f  n u c le a r  ch arg e  by o th e r  e l e c t r o n s .
The t r a n s i t i o n  fo llo w in g  th e  i n i t i a l  c a p tu re  te n d s  to  p o p u la te  c i r c u l a r  
s t a t e s .
T h e re fo re  by th e  tim e  n u c le a r  c a p tu re  ta k e s  p la c e  an e s tim a te d  
90% o f  th e  kaonsw ould be in  c i r c u l a r  s t a t e s .
I t  was i n i t i a l l y  em phasised by Fermi and T e l le r  (1947) t h a t  a 
c l a s s i c a l  model may be u sed  to  d e s c r ib e  th e  p rob lem  o f  k ao n ic  m otion  in  
a  s to p p in g  medium. Rook (1970) c a r r i e d  o u t such  a  c a l c u la t io n  and found 
agreem ent w ith  M a r tin ’s quantum mech. r e s u l t s  in  p r e d ic t in g  th e  m ost 
l i k e l y  t r a n s i t i o n  f o r  a p a r t i c u l a r  i n i t i a l  s t a t e .  The s t a t i s t i c a l  
d i s t r i b u t i o n  o f  a n g u la r  mom. s t a t e s  was assumed i n  t h i s  a n a ly s i s .  In
_a  Za l a t e r  s tu d y  Rook (1971) has p ro p o sed  d i s t r i b u t i o n  o f  th e  form  (2 £ + l)e  
where ’a ’ i s  a p o s i t i v e  c o n s ta n t .  More e la b o r a te  c a l c u la t io n s  have been 
done by Leon and M il le r  (1977) who have ex ten d ed  th e  F e rm i-T e lle r  model 
to  a llo w  f o r  th e  s t a t i s t i c a l  f lu c tu a t io n s  o f  en erg y  lo s s  and a n g u la r  mom.
changes in h e re n t  in  kaon and a tom ic  e le c t r o n s  i n t e r a c t io n s  d u r in g  th e  c a p tu re  
and c a sc a d e . They conclude  t h a t  th e  changes o f  t h i s  ty p e  may in c re a s e  
th e  p o p u la t io n  o f  low J l - s ta te s  a t  th e  e l e c t r o n i c  K -sh e ll  and th e re b y  
a l t e r  th e  a b s o lu te  m esonic X -ray  y i e l d s .
1 .4  N u c lea r  A b so rp tio n
As seen  from  F ig u re  (3.-4) f o r  each  Z = Z th e r e  i s  a  c e r t a i n
o r b i t  n^ where th e  r a d i a t i v e  t r a n s i t i o n  p r o b a b i l i t y  i s  com parable w ith  
th e  n u c le a r  a b s o rp t io n  p r o b a b i l i t y .  For Z > Z£ th e  n u c le a r  c a p tu re  would 
dom inate  th e  t r a n s i t i o n s  from le v e l  n ^ . A lthough as em phasised  by 
E ric k so n  and Scheck (1970) th e r e  i s  no sh a rp  c u t o f f  in  th e  X -ra y s , t h e i r  
i n t e n s i t y  i s  g r e a t ly  red u ced  in  go ing  from  Z to  (Z + l) . The l e v e l s  w here 
th e  r a d i a t i v e  t r a n s i t i o n  and n u c le a r  c a p tu re  com pete, have been  e x te n s iv e ly  
s tu d ie d  w ith  th e  o b je c t  o f  e x t r a c t in g  in fo rm a tio n  about, n u c le a r  m a tte r  
d i s t r i b u t i o n .  The p r o b a b i l i t y  f o r  n u c le a r  a b s o rp tio n  i s  g iv en  by 
(Rook 1962)
pa b s . _ 2W 
n£ h k n ^ )  I2 P M d 3r  (1 .1 5 )
'0
where ^n £ (r ) i ’s bhe u n p e rtu rb e d  r a d i a l  wave fu n c tio n  o f  th e  kaon and 
p ( r )  i s  th e  n u c le a r  d e n s i ty  d i s t r i b u t i o n .  ’W’ r e p r e s e n ts  th e  s t r e n g th  
o f  th e  im ag in a ry  p a r t  o f  th e  K -n u c le u s  p o t e n t i a l  and can be r e l a t e d  to  
th e  e le m e n ta ry  KN i n t e r a c t i o n  (Rook 1968)
|W(r) | = Zpp ( r )  + ^ n  NPm( r ) ) (1 .1 6 )
aKp* ^Kn a re  kao n -p ro to n  and k a o n -n e u tro n  c r o s s - s e c t io n s  av e ra g ed  o v er 
th e  momentum o f  KN-system.
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By u s in g  o p t i c a l  theorem
one can w r i te  th e  above in  te rm s o f  s c a t t e r in g  le n g th s  in  is o s p in  ze ro  and 
one s t a t e ,  as
U sing fo rm u la  (1 .1 5 ) and assum ing a b s o rp tio n  from c i r c u l a r  s t a t e s ,
d e n s i t i e s  d i f f e r i n g  in  th e  re g io n  o f  l e s s  th a n  5% o f  th e  c e n t r a l  d e n s i ty  
a re  d e t e c ta b le .  He f u r th e r  found t h a t  th e  la c k  o f  s p h e r ic a l  symmetry 
and n o n - lo c a l i t y ,  in  th e  l i m i t  o f  s h o r t- r a n g e  two-body fo rc e  do n o t 
i n v a l id a t e  th e  above c o n c lu s io n .
The a p p ro x im a tio n s  in v o lv e d  in  th e  d e r iv a t io n  o f  e q . (1 .1 5 ) have 
been s tu d ie d  by Rook (1968). In  p e r tu r b a t io n  th e o ry  th e  t r a n s i t i o n  
r a t e  f o r  n u c le a r  a b s o rp tio n  from s t a t e  (n ,£ )  would be
where p(E) i s  th e  d e n s i ty  o f  ttY system  (Y i s  E o r  A) a t  en erg y  E and 
* g 1 i s  th e  i n t e r a c t i o n  c a u s in g  t r a n s i t i o n
K~N -* Ytt
<f>.,(b_c a re  i n i t i a l  and f i n a l  w .fn s .  and <j\, a re  th e  w .fn s  f o r  kaon ,1* f  ... A   .K 7T Y       -
p io n  and h y p ero n , r e s p e c t iv e ly .  I f  i t  i s  assumed t h a t  1 g ’ i s  a z e ro -
ran g e  i n t e r a c t i o n  and .$n »$Y can r e p re s e n te d  by p la n e  waves th e n  f o r
a s in g le  p a r t i c l e  model o f  th e  n u c le u s
|W(r)|  = [Im iC A ^ A p  Zpp (r) + In Aj Npn (r ) ]  (1 .17)
Rook (1962) s tu d ie d  th e  a b s o rp tio n  o n ^ n u c le a r  s u r fa c e  and found t h a t
p A b s .
Pn f ' ‘ = 2  5KNC \l l<£0 V l L 0 > l2 IKK) I2
A l l  L
n u c leo n s
—  - K2] K2dK
I h 2
(1 .18 )
where fC’ i s  a k in e m a tic a l f a c t o r ,  and
I(K ) = j  T (Kr) ^  Ct )' U, 0 ( r )  r 2d r
In  th e  above r e l a t i o n s ,  'K* i s  th e  mean v a lu e  f o r  th e  sum o f  th e  hyperon  
and p io n  momenta, ’M1 i s  th e  sum o f  th e  hyperon  and p io n  m asses and c* 
i s  th e  d i f f e r e n c e  betw een th e  Q -value  o f  th e  r e a c t io n  and th e  r e c o i l  
energ y  o f  th e  r e s id u a l  n u c le u s .  A lso h as  been  u sed  f o r  th e  bound
n u c leo n  r a d i a l  wave fu n c tio n  and
S 2 5 5 k n
has been  assum ed.
In  o rd e r  to  re c o v e r  e q s , ( 1 .1 5 ) ,  (1 .1 6 ) i t  i s  n e c e s s a ry  to  assume 
t h a t  th e  f i n a l  s t a t e s  make a com plete  s e t  w hich in  th e  above fo rm alism  
means a  la rg e  v a lu e  o f  Q.
theU sin g ^ap p ro x im atio n
[ « *  i L( « )  j L« n  / S E T *  f
6 ( r - r -*)
2
one g e ts
5A bs. 
nil °KN V■ IA ll 4ir 
n u c leo n
rQ - Ej N
l + n t ( r ) l Z u j l N W  r 2 d r
(1 .1 9 )
the
So t h a t  f o r  la rg e  Q, th e  q u a n t i ty  u n d e rAsq u a re  r o o t  s ig n  i s  u n i ty .  By 
com paring th e  r e s u l t s  from (1*15) and ( 1 ,1 8 ) ,  Rook (1968) h as  found 
t h a t  th e  e r r o r s  in  th e  fo rm er ca se  a re  l e s s  th a n  30%.
Bethe and Siem ens (1970) have a ls o  u sed  fo rm u lae  o f  th e  ty p e  (1 .1 5 ) 
to  c a l c u la te  a b s o rp tio n  r a t e s  and w ere a b le  to  e x p la in  th e  e x p e rim e n ta l 
d a ta  o f  Wiegand (1969) as an e f f e c t  o f  th e  e x p o n e n tia l  b e h a v io u r  o f  
n u c le a r  and s in g le  p a r t i c l e  wave fu n c tio n s  beyond t h e i r  c l a s s i c a l  tu r n in g
p o in t s .  They found agreem ent w ith  e a r l i e r  c o n c lu s io n s  o f  Rook (1962) 
t h a t  th e  K - c a p tu re  p ro b es  th e  f a r t h e r  re a c h e s  o f  th e  n u c le a r  s u r f a c e .  
E rick so n  and Scheck (1970) in  a  s im i la r  way made an e x te n s iv e  s tu d y  o f
th e  y ie ld s  th ro u g h o u t th e  p e r io d ic  t a b l e  and found agreem ent w ith
a
Wiegand*s r e s u l t  by u sing^F erm i d i s t r i b u t i o n  and w ith o u t any anom alous 
a l t e r a t i o n  o f  d e n s i ty  p a ra m e te r s .  The dependence o f  s t ro n g  i n t e r a c t i o n  
w id th s  on ( c , t )  p a ra m e te rs  was e m p ir ic a l ly  found to  be w e ll r e p re s e n te d
by
r e c . t )  x e - ° Cc- c 0) -  B (t - V
w here *a* and *3* a re  p o s i t i v e  c o n s ta n ts  and v a ry  from n u c le u s  to  
n u c le u s  and w ith  th e  c a p tu re  s t a t e .  c^ , t^  a re  th e  e x p e rim e n ta l v a lu e s  
f o r  p ro to n  d i s t r i b u t i o n .  The q u e s tio n  o f  r e l a t i v e  a b s o rp tio n  on p ro to n s  
and n e u tro n s  has a ls o  a t t r a c t e d  much a t t e n t i o n .
In  o rd e r  to  e x p la in  th e  v a lu e  o f  f \ j  d e f in e d  in  eq . ( l . l l )  
Burhop (1967) u sed  e q . (1 .1 5 ) and showed t h a t  a 50% l a r g e r  n e u tro n  
d i s t r i b u t i o n  in  th e  n u c le a r  s u r f a c e  would be r e q u ir e d .  In  h i s  a n a ly s i s  
o f  K~-Ag atom Ferm i d i s t r i b u t i o n s  were u sed  f o r  p ro tons and neu trons w ith  
th e  same v a lu e  o f  h a l f - d e n s i ty  r a d iu s ,  Aslam and Rook CT970) s tu d ie d  
th e  r a t i o  '
N
X =
Pn W d3r
i^ K2 (r) pp ( r ) d 3r
f o r  s e le c te d  n u c le i  u s in g  s in g le  p a r t i c l e  wave fu n c t io n s  g e n e ra te d  in  a 
p o t e n t i a l  w e ll .  They n o te d  t h a t  t h i s  r a t i o  i s  n e a r  u n i ty  f o r  l i g h t  
n u c le i  as assumed in  Burhop*s (1967) a n a ly s i s  b u t X = 2 .3 2  f o r  98Mo. 
T h is  r e s u l t  sh o u ld  co rresp o n d  to  th e  e x p e rim e n ta l r e s u l t  f o r  heavy 
n u c le i  (A ^  9 3 ). The y ie ld s  o b ta in e d  from t h i s  a n a ly s i s  l i e  w ith in  
e x p e rim e n ta l e r r o r s ,  th e r e f o r e  th e y  con c lu d e  th a t  th e r e  i s  no need  to
p o s t u l a t e An e u tro n  d i s t r i b u t i o n  in  th e  n u c le a r  s u r fa c e  which i s  in c o n s i s t e n t  
w ith  o th e r  e s t im a te s .  The rem a in in g  d is c re p a n c y  o f  a f a c t o r  o f  2 may
the
be so u g h t in ^ b a s ic  i n t e r a c t i o n ,  e . g .  th e  in f lu e n c e  o f  Y* re so n an ce  as 
su g g e s te d  by Bloom e t  a l  (.1969) a s  w e ll ,  Wycech (1971) s u b se q u e n tly  
showed t h a t  th e  v a lu e  R n would be changed by a  f a c t o r  o f  0 .8 5  in  heavy 
n u c le i  due to  th e  g r e a t e r  w id th  o f  Y* (1405) re so n a n c e , so  t h a t  th e  r a t i o
in  th e  s u r f a c e .  A b so rp tio n  on two n u c leo n s  has been  s tu d ie d  by Rook 
(1962, 1968) and Aslam and Rook (1970).
The e x p e r im e n ta l r a t i o  o f  1 :1 5 :2 0  f o r  K -d e u te r iu m , he liu m  and 
em ulsion  n u c l e i  r e s p e c t iv e ly  can n o t be e x p la in e d  by a s im p le  model u s in g
Assuming a ( 2 ) / a ( l )  to  be th e  same f o r  d e u te r iu m , a - p a r t i c l e s  and heavy 
n u c l e i ,  Rook (1962) p r e d ic te d  16% a b s o rp tio n  on he lium  and o n ly  1.5% 
a b s o rp tio n  on heavy n u c le i .  T h is r e s u l t  was used  to  in d i c a te  th e  p o s s i ­
b i l i t y  t h a t  a - p a r t i c l e  c l u s t e r s  may be p r e s e n t  in  th e  n u c le a r  s u r f a c e  
o f  heavy n u c l e i ,  as i n i t i a l l y  su g g e s te d  by W ilk in son  (1958 ). Wycech 
(1967) however rep ro d u ced  th e  e x p e rim e n ta l r e s u l t s  w ith o u t r e c o u rs e  to  
c l u s t e r in g .  L a te r  Aslam and Rook (1970) made a d e t a i l e d  a n a ly s i s  o f  
th e  r e s u l t s  o f  Rook (1962) and Wycech (1967) and p o in te d  o u t th e  d e f i c i e n c i e s  
o f  th e s e  a p p ro ac h es . But th e y  a l s o  concluded  t h a t  th e  d is c re p a n c y  in  
th e  t h e o r e t i c a l  and e x p e rim e n ta l r e s u l t s  f o r  em ulsion  n u c le i  w ith o u t 
c l u s t e r in g  i s  n o t  as la rg e  as i t  ap p ea red  to  be i n  th e  b e g in n in g  and 
th e r e f o r e  th e r e  i s  no s tro n g  ev id en ce  o f  c l u s t e r in g  in  th e  n u c le a r  
s u r f a c e ,  o b ta in e d  from k ao n ic  atom s.
sh o u ld  a c t u a l l y  be e x p ec ted  to  be 4 .2 5  ± 1 .0 .  The rem a in in g
d is c re p a n c y  seems to  be th e  consequence o f^ p ro to n  and n e u tro n  d i s t r i b u t i o n s
(
P ( l )  = a ( l )  i|;2 ( r ) p ( r ) d 3r
P (2) = a (2 )  ijj2 ( r ) p 2 ( r ) d 3r
1 .5  P lan  o f  T h e s is
We have t r i e d  t o  sum up a l l  th e  background in fo rm a tio n  n e c e s s a ry
■the
t o  u n d e rs ta n d  th e  n a tu r e  o f^ k a o n ic  atom problem  in  C h ap te r 1 . A lso  
in c lu d e d  i n  t h i s  c h a p te r  a re  th e  q u a n t i t a t i v e  a n a ly se s  b ased  on th e  e a r l y ,
r e l a t i v e l y  l e s s  a c c u ra te  e x p e r im e n ta l in fo rm a tio n . In  C h a p te r  2 , th e
th e
n a tu re  o f kk ao n -n u c leo n  i n t e r a c t i o n  i s  d e s c r ib e d  and th e  m ost r e c e n t
A
t h e o r e t i c a l  m ethods aim ed a t  i t s  u n d e rs ta n d in g  a re  b r i e f l y  d is c u s s e d .
the
C hap ter 3 d e s c r ib e s  th e  te c h n iq u e  o f  o b ta in in g  ^ g e n e ra lis e d  o p t i c a l  p o t e n t i a l  
s e r i e s .  The f i r s t  ap p ro x im atio n  o f  such  a p o t e n t i a l  (deno ted  by  FOP) 
w ith  f i t t e d  d e p th s  has  been  s u c c e s s f u l ly  used  to  d e s c r ib e  a l l  e x p e rim e n ta l 
d a ta ,  to  d a te .  T h e re fo re  we have used  t h i s  phenom eno log ical p o t e n t i a l  to  
e x p lo re  i t s  s e n s i t i v i t y  w ith  r e s p e c t  to  n u c le a r  s t r u c t u r e  p a ra m e te r s .  In  
c h a p te r  4 , we look  a t  th e  n e x t s te p  o f  s o p h i s t i c a t i o n ,  nam ely th e  c o n s tu r c t io n  
o f  m ic ro sc o p ic  o p t i c a l  p o t e n t i a l s .  The f i n i t e  ra n g e  tw o-body p o t e n t i a l  
and th e  Y*(1405) dynam ics, make such  p o t e n t i a l s  n o n - lo c a l  and en e rg y  d e p e n d e n t. 
T h e ir  su c c e ss  o r  la c k  o f  i t  in  d e s c r ib in g  k ao n ic  atoms d a ta  i s  rev ie w e d .
C h ap te r 5 d e a ls  w ith  th e  second o rd e r  o p t i c a l  p o t e n t i a l  (d en o ted  by  
SOP) w hich in c o rp o ra te s  s i n g l e - p a r t i c l e  n u c leo n  w a v e -fu n c tio n s  and Ferm i 
c o r r e l a t i o n s .  T h is  i s  done a t  two le v e l s :  F i r s t  w here th e  n u c le u s  i s
r e p re s e n te d  by a Ferm i gas and second  w here harm onic o s c i l l a t o r  w a v e -fu n c tio n s  
a re  u se d . The method o f  Kerman, McManus and T h a le r  (1959) [ r e f e r r e d  to  a s  
KMT] i s  u sed  to  o b ta in  K -C 12 p o t e n t i a l  w ith  and w ith o u t r e c o u rs e  to  c lo s u r e  
a p p ro x im a tio n . In  C h ap te r 6 , we lo o k  a t  th o s e  a s p e c ts  o f  k a o n ic  atom s w hich 
a r i s e  due to  an  in t e r p l a y  o f  a tom ic  and n u c le a r  phenomena such  a s  q u ad ru p o le  
i n t e r a c t i o n s ,  e t c .  F in a l ly ,  th e  r e s u l t s  o b ta in e d  by u s in g  p o t e n t i a l s  
d e s c r ib e d  in  C h ap te r 5 a re  p re s e n te d  in  C h ap te r 7.
CHAPTER 2
KN INTERACTION
The v e ry  e a r ly  e x p e rim e n ta l s tu d ie s  (Jack so n  e t  a l  1958;
the
Humphrey and Ross 1962) re v e a le d  two im p o rta n t f e a tu r e s  o f Akaon i n t e r a c t i o n  
w ith  n u c le o n s .
1 . The d i s t r i b u t i o n  o f  r e a c t io n  and s c a t t e r i n g  p ro d u c ts  f o r  th e  
in c id e n t  kaons o f  en erg y  below  250 MeV i s  e s s e n t i a l l y  i s o t r o p i c .
T h e re fo re  o n ly  s-w aves a r e  r e q u ir e d  to  a n a ly se  th e  d a ta .
2. Whereas K+ c r o s s - s e c t io n s  a re  sm all (^  15 mb) and a lm o st 
in d e p en d en t o f  e n e rg y , th e  Kip e l a s t i c  c r o s s - s e c t io n  f a l l s  sm oo th ly  from
^  70 mb. to  ^  30 mb. a s  th e  en erg y  o f  th e  in c id e n t  K” in c re a s e s  from
hhe_
0 - 100 MeV. The s tro n g  a b s o rp t io n  of^K- on p ro to n s ,  t h e r e f o r e ,  r e s u l t s  
in  th e  s u p p re s s io n  o f  ch a rg e -ex ch an g e  and K-n e v e n ts .
There have been  numerous a t te m p ts  to  p a ra m e tr iz e  th e  lo w -en erg y  
kaon s c a t t e r i n g  d a ta ,  w ith  in c r e a s in g  s o p h i s t i c a t i o n  as more and more 
r e s u l t s  became a v a i la b le  ( e .g .  Kim 1965, 1967j M artin  and S a k i t t  
1969; B e rley  1970; Chao 1973; M artin  1976). A b r i e f  d e s c r ip t io n  o f  
some o f  them i s  g iv e n  in  th e  fo llo w in g  s e c t io n .  S e c tio n  2 .2  d e a ls  w ith  
th e  d e s c r ip t io n  o f  k ao n ic -h y d ro g en  and in  s e c t io n  2 .3 ,  th e  o f f - s h e l l  
KN a m p litu d es  w hich a re  used  in  th e  s tu d y  o f  k a o n ic  atom s, a re  d is c u s s e d .
2 .1 .  Kaon-Nucleon S c a t te r in g
the_
The p re l im in a ry  phenom eno log ical a n a ly se s  of^K - i n t e r a c t i o n  w ith  
p ro to n s  and n e u tro n s  (Jackson  1958; A sc o li 1958) w ere made by u s in g  
r a t h e r  c rude  m odels . The en erg y  dependence o f  com plex p h a s e - s h i f t s  
was g iv e n  in  te rm s o f  th e  e f f e c t i v e  ran g e  e x p a n s io n . The le a d in g  te rm  
in  th e  ex p an sio n  o f  k c o t  6^ 1 in  powers o f  k 2 i s  th e  r e c ip r o c a l  o f  
s c a t t e r i n g  le n g th  Ap. Thus in  th e  l i m i t  o f  ze ro  e f f e c t i v e  ra n g e  o n ly  
fo u r  p a ra m e te rs  a^,, b^, (T=0,1) [ i . e .  u s in g  Ap * a^  + ibp,] a r e  r e q u i r e d
to  f i t  th e  s c a t t e r i n g ,  ch arg e -ex ch an g e  and a b s o rp tio n  c r o s s - s e c t io n s .
T h is  i s  r e f e r r e d  to  a s  ’c o n s ta n t  s c a t t e r i n g - l e n g t h ’ ap p ro ach . The 
r e s u l t s  o f  such a n a ly s e s ,  a lo n g  w ith  o th e r s ,  a r e  g iven  in  t a b le  (2 -1 ) .
Owing to  th e  m u lti-c h a n n e l n a tu re  o f  K N -in te ra c tio n  even a t  
th r e s h o ld ,  th e  c o n s ta n t  s c a t t e r i n g  le n g th  approach  o b scu re s  im p o rta n t 
f e a tu r e s  o f  th e  p ro c e s s  (D a l i tz  and Tuan 1960 ). M oreover th e  s c a t t e r i n g  
a m p litu d es  o b ta in e d  in  t h i s  way have wrong a n a l y t i c a l  p r o p e r t i e s  l i k e
  the
th e  n o n -v a n is h in g  KN am p litu d e  in  1 = 0  e l a s t i c  channe l a t AT7r th r e s h o ld .
A more a p p r o p r ia te  p a r a m e tr iz a t io n  would be  in  te rm s o f  th e  e lem en ts  o f  
a s u i t a b ly  d e f in e d  r e a c t io n  m a tr ix  (K -m a tr ix ) . T h is  was f i r s t  done by 
D a li tz  and Tuan (1 9 6 0 ). The e lem en ts  o f  th e  K -m atrix , c o rre sp o n d in g
the_
to  d i f f e r e n t  c h a n n e ls  in  is o s p in  ze ro  and one s t a t e  o^K -p  i n t e r a c t i o n ,  
w ere assumed to  be c o n s ta n t .  T h is g iv e s  n in e  p a ra m e te rs  o f  a u n i t a r y  
a m p litu d e  w ith  b e t t e r  a n a l y t i c a l  p e o p e r t ie s .  The fo llo w in g  argum ents 
in  fa v o u r  o f  th e  K -m atrix  approach  a r e  w orth  n o t in g .
1. The e lem en ts  o f  th e  K -m atrix  a re  f r e e  from  c o n s t r a in t s  a s s o c ia te d  
w ith  p r o b a b i l i t y  c o n s e rv a t io n .  (U n like  T -m a tr ix  where Im T ^  = ^  Vi  
The K -m atrix  i s  o n ly  r e q u ir e d  to  be  h e rm i t ia n ,  i . e .
k
< i |K |j>  = < j |K |i>
2. The T -m a tr ix  o b ta in e d  as a s o lu t io n  o f
T = K + ’ittKFT (2 .1 )
(where F i s  th e  p h a se -sp a c e  d e n s i ty )  a u to m a t ic a l ly  s a t i s f i e s
T - T+ = 2iri T 6 (E - Ho)rf
ia r i s i n g  from  th e  u n i t a n t y  c o n d i t io n  s s = 1.
3. T im e -re v e rsa l in v a r ia n c e  can be s t a t e d  in  a s im p le  way, as
TABLE 2 -1
-1 .5 7  ± 0 .04 -0 .2 4  ± 0 .05
+ i(0 .5 4 ± 0 .0 6 ) + i (0 .4 3 + 0 .0 5 )
-1 .6 7 4  i 0 .038 -0 .0 0 3  ± .i0 .058
+ i (0 .7 2 2  :t  0 .0 4 ) + i (0 .688  :t  0 .033 )
-1 .6 7  ± 0 .04 -0 .0 7  ± 0 .06
+ i ( 0 . 77 + 0 .0 4 ) + i (0 .6 8 ± 0 .0 3 )
-1 .6 9  ± 0 .03 -0 .0 4  ± 0 .04
+ i ( 0 . 67 + 0 .0 6 ) + i(0 .6 4 + 0 .0 2 )
-1 .7 4  ± 0 .04 -0 .0 5  ± 0 .04
+ i (0 .7  i : I0 .01 ) + i (0 .63 + 0 .0 6 )
-1 .7 4  ± 0 .03 -0 .0 7  ± 0 .02
+ i ( 0 . 70 + 0 .0 2 ) + i(0 .6 2 + 0 .0 3 )
-1 .6 6  ± 0 .02 -0 .0 9  ± 0 .03
+ i(0 .6 9 + 0 .0 2 ) + i(0 .5 4 + 0 .02 )
-1 .6 5  ± 0 .04
+itot—ioi 0 .02
+ i (0 .7 3 + 0 .0 2 ) +i (0 .51 + 0 .031 )
-1 .6 6  ± 0 . 75i* (0 .3 5  + 0 . 6 6 i)
COMMENT REFERENCE
CSL K i t t e l , O t t e r  and
Waleck (1966)
CSL Kim (1965)
CSL Kim (1966)
CSL A.D. M artin  § Ross
_ . (1970)
KM "
( s ,  waves o n ly ) 
KM
(s § p waves)
KM B.R. M artin  6 S a k i t t
(1969)
MM H ippel § Kim (1967)
KM A.D. M artin  (1976)
(w ith  a n a l y t i c i t y  
c o n s t r a i n t s )
CSL - c o n s ta n t  s c a t t e r in g  le n g th  
KM - K -M atrix  
MM - M -M atrix
* 's c .  le n g th s ' in  t h i s  app roach  a re  en erg y  d e p en d e n t. 
T h re sh o ld  v a lu e s  a re  g iv en  h e re .
< i | k | j >  =  < j I K I i >
so t h a t  th e  K -m atrix  e lem en ts  a re  r e a l .
U sing th e  m ethod o f  D a l i tz  and Tuan, M artin  and S a k i t t  (1969) 
have a n a ly se d  low -en erg y  K-p d a ta .  For i s o s p in  z e ro , th e  K -m atrix  i s  
a 2 x 2 m a tr ix  (c o rre sp o n d in g  to  KN and E-ir ch an n e l)
(V I1
0 0 
W 1 Kn21 (2.2D
w here
KQ = <KNIKq IKN>
K02 = K0X = <ZlrlK0lKN>
K2.2 = <Ztt | Kn | Ztt>
The s o lu t io n  o f  e q u a tio n  (2 .1 )  u s in g  t h i s  m a tr ix ,  g iv e s
a En  k2 K022 (K^ 2
0 0 1 + Ckz
(K ^D 2k,
b 0 =
1 ♦ Ck2 K f ) 2
w here k c o t 6 = has been  u sed ,o 0
For th e  1=1 s t a t e ,  th e r e  a r e  th r e e  ch an n e ls  (KN, Ett,Att) and , t h e r e f o r e ,  
th e  K -m atrix  i s  a 3X3 m a tr ix .
Ka = [Kj3 ] (2 .3 )
where K*1 = <KN|K1 |KN> , K j2 = K21 = <KN [kJ Stt>
K22 = <Ett|K1 |Z tt> , K23 = K32 = <Ztt|ki |Att>
K33 = <Att|K1 |Att> , K j3 = K31 = <kn |k1|A7t>;
The s o lu t io n  o f  e q . ( 2 .1 )  w ith  t h i s  m a tr ix  i s ,
ay+66 
= Y2+62
6 x ^ 6
y 2+62
where
a = k ^ t C K j 3) 2 K^2-  2 K j3 K*2 K23 + (K21) 2 K33 ]
g = (K31) 2 kA + (K j2) 2 kj,
y  = 1 -  kA kz [K33 K22 -  (K23) 2]
6 = - [kA K33 + kz K22]
In  term s o f  th e  n in e  p a ra m e te rs  o f  e q s . (2 .2 )  and ( 2 .3 ) ,  th e  c r o s s - s e c t io n s  
f o r  p ro c e s s e s
K+ + p K" + p 
K~ + p -* A0 + tt0
K" + p  -> Z® +
K" + p + n
a re  f i t t e d  to  y i e ld
v T  1 
0
-  1 . 8 7 9 fms
K12 = 
0
I f 2 '1Ko - -  0 . 0 9 1 9
rt
Csl
CM o = -  0 . 3 5 6 Tt
K 1 1
= 0 . 2 2 2 t!
K21 = Kl 2 = 0 . 7 8 1
tt
Kj51 = K j3 = 0 . 3 8 1 tt
K22 = 0 . 9 1 9 tt
ii
COCMr-H K32 = -  0 . 1 7 4 tt
K33 = 0 . 4 6 3 tt
The th r e s h o ld  v a lu e s  o f  Aq and A  ^ o b ta in e d  in  t h i s  way a r e  g iv en  in  
t a b le  (2 -1 ) .
Ross and Shaw (1961) s u b se q u e n tly  m o d ified  th e  c o n s ta n t  K -m atrix
e lem en t te c h n iq u e  o f  D a l i tz  and Tuan to  in c lu d e  e f f e c t i v e  ran g e  te rra s .
The a d d i t io n a l  p a ra m e te rs  in t ro d u c e d  t h i s  way, n o t o n ly  in c re a s e  th e  
e f f i c i e n c y  o f  p a r a m e tr iz a t io n  b u t a ls o  a f f o r d  p h y s ic a l  i n t e r p r e t a t i o n  in  
term s o f  th e  ran g e  o f  fo rc e  in v o lv e d . They d e f in e  an M -m atrix  [which i s  
e s s e n t i a l l y  th e  in v e r s e  o f  th e  K -m atrix  and i s  r e l a t e d  to  th e  s c a t t e r i n g -  
m a tr ix  T by
T = k 2£/(M -  i k 2£+1) .]
and expanded i t  as
M(E) = M(Eq) + { R [k2 -  k2 (EQ)]
where 1k * i s  th e  d ia g o n a l m a tr ix  o f  c e n tre -o f -m a s s  momenta and
l-2 £ .
R . . = - 6 . •  C„. R. 1i j  13 U  i
C , = - l a n d C ........................................  (2 V 1 ) ! I  (2 V 1)1!
'0 iL ( f o r  h ig h e r  £^) =
( 2 £ .- l )
von H ippel and Kim (1968)
Kim (1965, 1967) and / f o l l o w e d  t h i s  method to  o b ta in  th e  e lem en ts  o f  th e
M -m atrix  and e f f e c t iv e  ran g e  p a ra m e te rs  by u s in g  d a ta  below  550 MeV/C.
S - , p -  and d- waves w ere c o n s id e re d . The th r e s h o ld  v a lu e s  o f  a m p litu d e s
o b ta in e d  from  t h i s  m ethod a re  a l s o  g iven  in  t a b le  ( 2 -1 ) .
A s im i la r  a n a ly s i s  was c a r r i e d  o u t by B e rle y  e t  a l  (1970) b u t
e f f e c t i v e  ran g e  p a ra m e te rs  w ere found to  be v e ry  d i f f e r e n t ,  e .g .
KIM BERLEY
-3 .2 6  ± 0 .2 -0 .1 3  ± 0 .0 7
-0 .6 0  ± 0 .24
0 .9 3  ± 0 .30
-1 .2 2  ± 0 .45
-0 .7 8  ± 0 .2 3
0 .5 4  ± 0 .0 8 0 .2 3  ± 0 .0 4
-0 .8 9  ± 3 1 1 .26  ± 0 .4
I t  has been n o te d  by M artin  and Ross (1970) t h a t  th e  z e ro - ra n g e  K -m atrix
method g iv e s  i d e n t i c a l  r e s u l t s  w ith Ae f f e c t i v e  ran g e  s o lu t io n  u sed  by Kim,
f o r  1=0. But f o r AA7r ch an n e l an im proved f i t  in  th e  momentum ran g e  
0 -  280 MeV/C can be o b ta in e d  by u s in g  K -m atrix  te c h n iq u e s -  T h e ir  r e s u l t s  
a re  compared w ith  th o s e  o f  Kim in  t a b le  (2 -1 ) .
The v a r io u s  s tu d ie s  o f  KN i n t e r a c t i o n  in c lu d in g  th o s e  d e s c r ib e d  
h e r e ,  g iv e  v a lu e s  o f  s c a t t e r i n g  le n g th s  w hich a r e  v e ry  c lo s e  to  each 
o th e r .  The c e n t r a l  v a lu e s  l i e  in  th e  ran g e
a Q : ( -1 .5 7 )  -  ( -1 .7 5 )
b Q : (0 .5 4 ) -  (0 .7 3 )
a x : ( -0 .0 4 )  - ( -0 .2 4 )
b 1 : (0 .4 3 ) -  (0 .6 8 )
I t  i s ,  how ever, known t h a t  th e s e  a n a ly se s  do n o t  f i x  th e  KN 
S-wave p a ra m e te rs  u n iq u e ly . Chao e t  a l  (1973) have found two s o lu t io n s  
w hich d e s c r ib e  th e  d a ta  e q u a l ly  w e ll b u t  th e  e x t ra p o la t io n s  in  th e  
u n p h y s ic a l r e g io n  show v e ry  d i f f e r e n t  b e h a v io u r . S in ce  in  th e  s tu d y  o f  
k a o n ic  atom s, we a re  i n t e r e s t e d  in  th e  b e lo w -th re sh o ld  p a ra m e te r s , i t  
i s  im p o r ta n t to  have some e x t r a  in fo rm a tio n  on 1=0 s-w ave a m p litu d e s .
R ece n tly  (B a illo n  e t  a l  1974) such in fo rm a tio n  has become a v a i la b le  
from th e  a c c u ra te  m easurem ent o f  th e  ICp and K d s c a t t e r in g  in  th e  
C oulom b-nuclear in t e r f a c e  re g io n  a t  s e v e ra l  momenta above 1 GeV/C. The . 
r e a l  p a r t  o f  th e  K“ nu c leo n  fo rw ard  am p litu d e  found from th e s e  m easurem ents 
can be used  in  d is p e r s io n  r e l a t i o n s  to  p robe  th e  b e h a v io u r o f  th e  low energy  
a m p litu d e s . Such a program  was c a r r i e d  o u t by M artin  (1976). The u su a l 
K -m atrix  (o r  M -m atrix) a n a ly s is  was made by u s in g  h ig h  s t a t i s t i c s  d a ta  
(Mast e t  a l  1976) and d is p e r s io n  r e l a t i o n  c o n s t r a in t s  were u sed  to  f in d  
th a t  A,j, v a lu e s  a re  r a t h e r  d i f f e r e n t  from th o se  o b ta in e d  p r e v io u s ly .  In  
p a r t i c u l a r  a . = 0 .35  fm which i s  s i g n i f i c a n t l y  d i f f e r e n t  from  o th e r
v.
a n a ly s e s .  M oreover th e  's c a t t e r i n g  le n g th s ' in  M a r t in 's  fo rm alism  a re  
them se lv es  energy  d ependen t. The b e lo w - th re sh o ld  e x t r a p o la t io n  o f  ;
p ro to n  and n e u tro n  am p litu d es  i s  p lo t t e d  in  f ig u re  (2 -1 ) a g a in s t  
c e n tre -o f-m a ss  energy
w = mK + -  Er e l >
where Er e  ^ i s  K~-bound nucleon  r e l a t i v e .  en e rg y . For th e  sake o f  
com parison we have a ls o  shown th e  r e s u l t s  o f  M artin  § S a k i t t  and Kim, 
w hich a re  o f te n  quo ted  in  th e  l i t e r a t u r e .
2 .2  Kaonic Hydrogen
A nother way to  o b ta in  in fo rm a tio n  abou t th e  th r e s h o ld  p r o p e r t i e s  
o f  k aon -nucleon  in t e r a c t io n  i s  th e  s tu d y  o f  k ao n ic  hydrogen . The
e x p e rim en ta l s tu d y  o f  such a system  was postp o n ed  u n t i l  th e  a v a i l a b i l i t y
a
o f ^ s u f f i c i e n t ly  la rg e  kaon f lu x  and h ig h  r e s o lu t io n  to  d e te c t  th e  en e rg y
s h i f t  o f  th e  e m itte d  X -ray . R ecen tly  D avies e t  a l  (1979) have r e p o r te d
a
an a tte m p t to  o b serv e  X -rays from ^stopp ing  kaon beam in  a l i q u id  hydrogen  
t a r g e t .  They have o b served  a peak a t  6 .5 2  ± 0 .0 6  KeV which i s  c lo s e  
to  th e  u n s h if te d  energy  o f  2p - I s  t r a n s i t i o n  in  K -p  atom ( i . e .  6 .482  KeV).
Fm
s
Below th r e s h o ld  e x t r a p o la t io n
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I t  was n o te d  t h a t  th e  peak  shape d id  n o t c o rre sp o n d  to  th e  s tro n g  
i n t e r a c t i o n  b ro a d e n in g . However Nowak e t  a l  (1978) have shown t h a t
th e  s tro n g  a b s o rp t io n  o f  K” s to p p e d  in  Hydrogen does o ccu r an d , t h e r e f o r e ,
the
a  n o n -z e ro  w id th  o f ^ l s  le v e l  sh o u ld  be e x p e c te d . Even f o r  a w id th  o f
0 .6  keV, th e  e x p e rim e n ta l s h i f t
e = + 40 ± 60 Ev. exp
would im ply  th e  r e a l  p a r t  o f  kaon p ro to n  s c a t t e r i n g  le n g th  t o  be
ReA j’ = (+ 0 .1  .± .1 5 )  fm s.p ‘exp . • .
w hich i s  much s m a l le r  th a n  th e  ReA^ o b ta in e d  from low en erg y  s c a t t e r i n g  
a n a ly s e s .
There h a s  a l re a d y  been c o n s id e ra b le  i n t e r e s t  in  th e  t h e o r e t i c a l  
p r e d ic t io n  o f  th e  en erg y  s h i f t  and w id th  o f  I s  s t a t e  (Trueman 1961;
D e lo f f  1977, S tep ien -R u d zk a  and Wycech 1977). The f i r s t  o rd e r  
p e r tu r b a t io n  th e o ry  f o r  a p o t e n t i a l
g iv e s
•e + i  T12 ~ 2^ - p a 3Ap/Ch (2 .4 )
w here ' a '  i s  th e  f in e  s t r u c t u r e  c o n s ta n t  and V^-p i s  th e  k a o n -p ro to n
red u ce d  m ass. Trueman (1961) has shown t h a t  th e  c o n d i t io n  o f  th e
tii 
7 \S
he
v a l i d i t y  o f Aabove e x p re s s io n  i s  t h a t
lAP/ a 0 l<<1
w here a^ i s  th e  r a d iu s  o f  k ao n ic  h y d rogen .
The h ig h e r  o rd e r  c o r r e c t io n s  amount to  o n ly  1% in  th e  v a lu e  o f  
s h i f t .  M oreover th e  'A ^ ' in  e q . ( 2 .4 )  sh o u ld  be re p la c e d  by a Coulomb
c o r r e c te d  v a lu e  Ac w hich to  lo w e s t o rd e r  in  l / a n i s  r e l a t e d  to  A 
P 0 P
(Chew and G o ld b erg er 1959) by
2 0 f 2 V_  ___ On -
(2 .5 )(AC) -1 = A” 1 -  -  £n P P a 0 ^a 0
the
w here ! 3 ' i s  th e  in v e rs e  ran g e  o f^ k a o n -p ro to n  in t e r a c t i o n .  In  a 
fo rm alism , an a lo g o u s to  t h a t  o f  Trueman, A. D e lo ff  (1977) h as  c o n s id e re d  th e  
k a o n -n u c le u s  s c a t t e r i n g  p roblem  and r e l a t e d  th e  complex b in d in g  energy  
o f  th e  quasibound  s t a t e  to  th e  p o le  o f  th e  c o rre sp o n d in g  S -m a tr ix .  He 
o b ta in s  an e x p re s s io n  f o r  th e  com plex energ y  s h i f t
( - 2 ik  ) 2A*3
AE = 2 i^  - w 3 r  ' - W i w 2 w  f2 -6^
where i s  th e  K -m atrix  f o r  £ th  p a r t i a l  wave and
E = A 2 + ii2- 0 0 K p
-ik0 = / 2 V p (V p ° 2 / 2^
““ 1 o C CIn  th e  a p p ro x im a tio n  in  w hich K (=-A + ( s ) k zR ) i s  r e p la c e d  by A ,
36 P 36 p
th e  e q . ( 2 .6 )  f o r  £=0 re d u c e s  t o  e q u a tio n  (2 .4 )  w ith  A^ A^.
S tep ien -R u d zk a  and Wycech (1977) have a l s o  c o n s id e re d  th e  
prob lem  o f  r e l a t i n g  th e  com plex en erg y  s h i f t  w ith  th e  s c a t t e r i n g  le n g th , 
They u se  Yamaguchi p o t e n t i a l
V ( r , r ' )  = v ( r ) A v ( r ')
- e r /
v ( r )  = e 
f o r  t h e i r  s e p a ra b le  T -m a trix
T = v ( r )  t (E) v ( r " )
T his  g iv e s
- 1 I " 1T = A v ( r ) G ( r , r  ") v (r  ' )  d 3r
The G reen ’s f u n c t io n  i s  expanded in  such a way t h a t  th e  s i n g u l a r i t y  
c o rre sp o n d in g  to  u n p e r tu rb e d  en e rg y  o f  th e  bound s t a t e  i s  s e p a ra te d
\(j* (r)\p C O  
G = n . -  + G0 C r , r ' ,E )  ■+ AG(En ) +
E-En
E-E
n
w here. V; i s  th e  u n p e r tu rb e d  a tom ic  wave fu n c t io n  f o r  n th  le v e l  and-E  
i s  th e  c o rre sp o n d in g  en e rg y . Gq i s  th e  f r e e  G reen ’s fu n c t io n  and AG 
i s  a Coulomb c o r r e c t io n .  For en erg y  E , t (E) has a p o le ,  i . e .
-wn
E -E°n n
. AC o u l. 1+ A +
t „ C E ) = 0 (2 .7 )
H ere w^ = j J v(r)|if»n ( r )  | 2 , xn i s  th e  s c a t t e r i n g  m a tr ix  f o r  s tro n g
in t e r a c t i o n  o n ly  and A
0
C o u l. .i s  th e  Coulomb’s c o r r e c t io n  to  Tq . U sing
th-e. a _
e q . ( 2 .7 )  one can w r i te  th e  com plex en erg y  s h i f t  o f ^ l s  s t a t e  in^K -p
/ \
atom as
AE =
2 a 3 Ac K p p
1 + A p (3 .1 5 4 ) (2 . 8)
They have a ls o  found a  r e l a t i o n  betw een A and A in  t h e i r  fo rm alism
P P
(up to  f i r s t  o r d e r  in  l / a ^ )
1/AC = A"1 
P P xaT  + *n e I T + ° ' 577v p 0
(2 .9 )
U sing yK- = 323.4755 MeV, S0= 82.9808 fins.
and 8 = 5 .5 6  fm \ th e  ex p ec ted  v a lu e s  o f  s h i f t  and w id th  a r e
TABLE 2 -2
K ~ -p (Is)
S c a t te r in g  le n g th  
(FMS)
1 ( -0 .8 8 5 ,0 .6 2 5 )
2 ( -0 .9 2 4 ,0 .7 5 3 )
3 ( -0 .6 5 5 ,0 .7 0 5 )
4 ( -0 .6 4 3 ,0 .8 0 7 )
SHIFT ( -e )
P e r tu r b a t io n
(eV)
364.7
380 .8
269.9  
265
S tep ien -R u d zk a  
§ Wycech (eV)
370 .6
38 4 .8
268.4
260.6
E xperim ent
(eV)
40 ± 60 eV *
S c a t te r in g  le n g th  
(FMS)
1 ( -0 .8 8 5 ,0 .6 2 5 )
2 ( -0 .9 2 4 ,0 .7 5 3 )
3 ( -0 .6 5 5 ,0 .7 0 5 )
4 ( -0 .6 4 3 ,0 .8 0 7 )
WIDTH ( r )
P e r tu r b a t io n
(eV)
515
621
581
665.5
S tep ien -R udzka  
§ Wycech (eV)
551 .3
666.6
610.9
698 .7
E xperim ent
(eV)
+230 *0-0
(1) S c a t te r in g  le n g th  w ith o u t a n a l y t i c i t y  c o n s t r a in t
(2) Coulomb c o r r e c te d  v a lu e  o f  (1)
(3) S c a t te r in g  le n g th  from M a r tin ’s (1976) a n a ly s i s  a t  th r e s h o ld
(4) Coulomb c o r r e c te d  v a lu e  o f  (3)
* The la rg e  d is c re p a n c y  betw een th e o ry  and ex p erim en t has been  r e c e n t ly  
d is c u s s e d  by D e lo f f  and Law (1 9 7 9 ). U sing S a u r ’s (1974) m ethod th e y  
show t h a t  th e  Coulomb c o r r e c te d  s c a t t e r i n g  le n g th  depends on
A ( I )  '  - 3a0
u ( r )  v '(r)  d r  
u(p v ( i )  r
w here u ( r )  and v ( r )  a r e  th e  r e g u la r  s o lu t io n s  o f  th e  S c h ro d in g e r  e q u a tio n s  
w ith  and w ith o u t th e  Coulomb i n t e r a c t i o n .  They a rg u e  t h a t  i f  A i s  l a r g e ,
Say A = 1 .4 7  - i0 .0 2
th e n  th e  Coulomb c o r r e c te d  v a lu e  o f  s c a t t e r i n g  le n g th  
Ap = ( -0 .0 9 9 ,0 .0 8 )  Fms . . ,
would be c o n s i s t e n t  w ith  e x p e rim e n ta l r e s u l t s .
com pared w ith  e x p e r im e n ta l v a lu e s  i n  t a b l e  { 2 - 2 ) .
A more s a t i s f a c t o r y  t r e a tm e n t  o f  K -p  bound s t a t e  p rob lem  w ould 
be th e  m u ltic h a n n e l a n a ly s i s  as r e p o r te d  by R.C. B a r r e t t  (1 9 7 8 ). W ith 
a s e p a ra b le  p o t e n t i a l
The sum o v e r i , j  i s  from  ’ 1 ’ to  13* c o rre sp o n d in g  to  th r e e  c h a n n e ls  
K_p,E7r, K^n. The s u p e r s c r ip t  !n ’ ta k e s  two v a lu e s  f o r  i s o s p in  s t a t e s
ze ro  and one. The Coulomb p o t e n t i a l  Vc was s im u la te d  by a s e p a ra b le
p o t e n t i a l  w ith  th e  ran g e  f i t t e d  to  g iv e  th e  c o r r e c t  a tom ic r a d i u s . T h is  
p o t e n t i a l  can th e n  be  added to  s t r o n g - in t e r a c t io n  and r e p re s e n te d  by th e  
t h i r d  v a lu e  o f  ’n ’ in  e q u a tio n  (2 .1 0 ) .  The e ig e n v a lu e s  o f  t h i s  e q u a t io n  
a re  th e  r o o ts  o f
In  e q u a tio n  (2 .1 1 ) i f  th e  o f f - d ia g o n a l  te rm s a re  p u t  eq u a l to  z e ro , a 
p o s i t i v e  v a lu e  fo r  th e  s h i f t  i s  o b ta in e d . I f  th e  c o u p lin g  i s  tu rn e d  
on s lo w ly , th e  r e a l  p a r t  changes s ig n  tw ic e . In  o rd e r  to  make any 
q u a n t i t a t i v e  p r e d i c t i o n s ,  th e  above c a l c u la t io n  sh o u ld  be done w ith  a
Vj.j (?,■?"■) = Ai j  v ( r ' )
th e  s e t  o f  e ig e n v a lu e  e q u a tio n s  can be w r i t t e n  as
det(U ) = 0 ( 2 . 11)
where th e  e lem en ts  o f  m a tr ix  ! U’ a re
i  nU . . = 6 6 . .  + — -  x : .n i,m j mn 13 13
v (k) v (k) d 3k n J mv J
k 2 - e . 
1
w ith
1
k 2+32n
r e a l i s t i c  Coulomb p o t e n t i a l .
2 .3  KN O f f - s h e l l  A m plitudes
For th e  s tu d y  o f  k ao n ic  a tom s, th e  r e q u ir e d  in p u t  q u a n t i t i e s  a re  
below  th e  e l a s t i c  th r e s h o ld .  T here a re  two methods w hich a r e  c o n v e n t io n a l ly  
u sed  to  e x t r a p o la t e  f r e e  KN s c a t t e r i n g  p a ra m e te rs  in t o  th e  re g io n  o f  fh .e 
A(1405) re so n a n c e .
1 . U sing th e  s c a t t e r i n g  le n g th s  Ap (k = 0 ), th e  en erg y  dependence o f  th e  
s-w ave am p litu d e  i s  ta k e n  to  be  (B u rh o p '197-2)
AnC1 -  i k nAi)
1 - h. iCAQ+Ap) (k+kQ) -  kkgAgAp
Ap(1 - i k 0A0)
1 1 -  2 iCAQ+Ap) (k+kQ) -  k k ^ A p
w here f^  i s  th e  s c a t t e r i n g  am p litu d e  f o r  p ro to n s  in  1=0 s t a t e ,  ’k 1 i s  
th e  r e l a t i v e  momentum o f  K p system  and 'k g 1 i s  th e  r e l a t i v e  momentum 
o f  A  sy stem . The two momenta ’k 1 and ’k ^ ’ a re  r e l a t e d  by ,
k^ = k 2 + 2yA
w here A i s  th e  K^n, K~p m a s s -d if f e re n c e .  By ig n o r in g  t h i s  d i f f e r e n c e
one can  w r i te
Ap
f T = r ^ L k A ;  s T = 0 > 1
The K N -am plitude f o r  momentum fk f av e rag ed  o v e r  a l l  n u c le o n s , can  be 
w r i t t e n  as
-  tnW  [Z£p (1°  + K f n W i
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f  0 0  = l [ £ 0 Ck) + f jC k )]
£n (k) = ^ ( k )
In  t a b le  (2 -3 ) we have ta b u la te d  th e  v a lu e s  o f  th e s e  am p litu d e s  f o r  
r e l a t i v e  e n e rg ie s  -20  MeV, -30  MeV and -40 MeV, u s in g  s c a t t e r i n g  le n g th s  
o f  M artin  and S a k i t t  (1969) and A.D. M artin  (1 9 7 6 ). In  th e  l a t t e r  ca se  
d i f f e r e n t  ' s c a t t e r i n g  l e n g th s ' a re  u sed  f o r  e n e rg ie s  0 , -2 0 , -30  and -40  
MeV.
2. The second  app roach  (Weise and T auscher 1972) i s  to  u se  a 
B re it-W ig n e r  ty p e  o f  re so n an ce  w ith  a c o n s ta n t  backg round . T h is  i s  a 
c o n v e n ie n t way to  rep ro d u ce  th e  en e rg y  dependence o f  s c a t t e r i n g  a m p litu d e s . 
M oreover th e  p a ra m e te rs  o f  re so n an ce  A(1405) e x p l i c i t l y  a p p ea r in  th e  
e q u a tio n s  and th e  s e n s i t i v i t y  o f  am p litu d e  w ith  r e s p e c t  to  t h e i r  v a r i a t i o n  
can e a s i l y  be s tu d ie d .  In  th e  above r e f e r e n c e ,  a f i t  to  K im 's (1967) 
e x t r a p o la t io n  i s  o b ta in e d  w ith
f  = b - ----- ^ ----------
w here g2 = 0 .3 2 , Er  = 1410 MeV, r  = 30 MeV and bp = (0 .4 3 ,0 .4 6 )fm
A lso f  = ( -0 .1 1 ,  0 .9 5 )
In  te rm s o f  i s o s p in
f 0 -  2 fp -  f n 
f l  = f n
In  th e  above e q u a t io n  E i s  th e  t o t a l  K -p  c e n tre -o f -m a s s  en erg y
P2E = m + mM - eXT -  07—■ - — 7  ^  1402.75 MeVK N N 2(mK+mN)
(p , th e  momentum o f  (Zit) can be o b ta in e d  from E, tt momenta and open ing
a n g le ) .
With A.D. M a r t in  (1976) p a r a m e te r s ,  a  f i t  i s  o b ta in e d  by Brockmann 
and Weise (1978) u s in g
V E> = V E) -  e— '¥  f  i r / 2
f n^E=Eth r e s h o ld )  = (0 .3 5 ,  0 .66 )
w ith  g2 = 0 .2 1 ,  Er  = 1410 MeV, T = 30 MeV.
bp(E) i s  now en erg y  dependen t and i s  a d ju s t e d  to  rep ro d u ce  M a r t in ’ s
a m p li tu d es  shown in  f i g . ( 2 -1 ) .
CHAPTER 3
FIRST ORDER OPTICAL POTENTIAL
A f te r  th e  a v a i l a b i l i t y  o f  improved d a t a  f o r  e x p e r im e n ta l  s h i f t s  
and w id th s  i n  k a o n ic  atoms (B ackensto ss  e t  a l . 1970) , i t  was found 
n e c e s s a r y  t o  r e f i n e  th e  t h e o r e t i c a l  approaches  p r e v io u s l y  employed 
in  o r d e r  t o  o b ta in  a  b e t t e r  u n d e r s ta n d in g  o f  th e s e  r e s u l t s .  A n a ly s is  
by K re l l  (1971) d e c i s i v e l y  showed t h a t  th e  p e r t u r b a t i v e  method which 
has  been  u sed  so f a r ,  was a t  f a u l t  due to  th e  s t r o n g  i n t e r f e r e n c e  
between th e  r e a l  and im ag ina ry  p a r t s  o f  th e  p o t e n t i a l  in  th e  n u c l e a r  
r e g io n .  I t  i s ,  t h e r e f o r e ,  r e q u i r e d  to  s o lv e  th e  e ig e n v a lu e  problem  
( e q .1 .3 )  i n  o rd e r  t o  o b ta in  th e  complex en e rg y  o f  k ao n ic  bound s t a t e ? .
The o b j e c t  o f  t h i s  c h a p te r  i s  to  e x p lo re  th e  p o s s i b i l i t i e s  o f  
u s in g  sem i-phenom eno log ica l o p t i c a l  p o t e n t i a l s  f o r  th e  d e s c r i p t i o n  o f  t h e  
k ao n -n u c leu s  prob lem . The te c h n iq u e s  o f  c o n s t r u c t i n g  t h e o r e t i c a l  
o p t i c a l  p o t e n t i a l s  a r e  now w e ll  developed  ( e .g .  Feshbach  1958; Watson 
1958; Kerman McManus and T h a le r  1959; Rodberg 1960; F o ldy  and 
Walecka 1969) a f t e r  th e  p io n e e r in g  work o f  F em bach  e t  a l  (1 9 4 8 ) ,  Lax 
and Feshbach (1951) ,  F ra n c is  and Watson (1953).  The fo rm alism  p r e s e n te d  
in  th e  n e x t  s e c t i o n  i s  s i m i l a r  t o  th e  one g iven  by Watson (1957, 1958) 
and Rodberg (1957, 1960, 1967). We f i r s t  o b ta in  a g e n e r a l i s e d  o p t i c a l  
p o t e n t i a l  and th e n  expand i t  as a m u l t i p l e  s c a t t e r i n g  s e r i e s .  The 
f i r s t  te rm  i n  t h i s  ex pans ion  ( i . e .  f i r s t  o rd e r  o p t i c a l  p o t e n t i a l )  i s  
th e n  o b ta in e d  i n  c o o rd in a te  r e p r e s e n t a t i o n  w i th  th e  d i s c u s s io n  o f  v a r io u s  
a p p ro x im a tio n s  t h a t  can be employed o r  a r e  c o n v e n t io n a l ly  employed. The 
d i f f i c u l t i e s  e n c o u n te re d  in  th e  u s e  o f  t h i s  p o t e n t i a l  a r e  b r i e f l y  
d i s c u s s e d .  To g e t  round th e  p rob lem , th e  d e p th  o f  th e  p o t e n t i a l  may 
be f i t t e d  p h en o m en o lo g ic a l ly ,  The consequence o f  t h i s  p ro c e d u re  i s
s tu d ie d  in  d e t a i l .
3 .1  The Formal Theory
We w ish  t o  c o n s id e r  th e  s c a t t e r i n g  o f  a  s p in  ze ro  p r o j e c t i l e  
by a  t a r g e t  n u c le u s  c o n s i s t i n g  o f  ’A1 n u c le o n s ,  each  o f  which i n t e r a c t s  
w i th  th e  p r o j e c t i l e .  The d e r i v a t i o n  o f  an o p t i c a l  p o t e n t i a l  by 
c o n s id e r in g  t h i s  (A+l) body prob lem  means t h a t  we a re  lo o k in g  f o r  a 
one-body  p o t e n t i a l  (complex) which d e s c r ib e s  th e  e l a s t i c  s c a t t e r i n g  
o f  a s i n g l e  p a r t i c l e  ( i . e .  p r o j e c t i l e ) .  A l l  o th e r  p r o c e s s e s  which 
a re  n o t  e x p l i c i t l y  c o n s id e re d  a r e  r e p r e s e n t e d  by th e  im a g in a ry  p a r t
o f  th e  p o t e n t i a l .  Let us  f i r s t  d e f in e  v a r io u s  q u a n t i t i e s  u sed  in  th e
the -
developm ent o f^ fo rm a lism . The e x a c t  many-body e u q a t io n  which i s  
r e q u i r e d  to  be s o lv e d  i s
H \'¥> = E | ¥> (3 .1 )
where ’H’ i s  th e  f u l l  H am ilton ian  g iven  by
A
H = K + H ' + y v.N , L. l  
1=1
w ith  th e  f o l lo w in g  d e f i n i t i o n s .
K = The k i n e t i c  energy  o p e r a t o r  f o r  th e  i n c i d e n t  p a r t i c l e  
H ' = (H am il to n ian  f o r  th e  t a r g e t  n u c le u s  + K in e t ic  en e rg y  o f  
th e  c e n t r e -o f -m a s s )
E = T o ta l  en e rg y  o f  (A+l) body system .
By s e p a r a t i n g  th e  c e n t r e -o f -m a s s  and r e l a t i v e  c o o rd in a te s  we g e t ,
A
CE -  K -  H ) | y >  = - I  V | f >  C3 . 2 )
i = l
where 1E 1 i s  now d e f in e d  as th e  t o t a l  ene rgy  in  (A+l) body c e n t r e - o f - m a s s  
system  and ’Kg' i s  th e  r e l a t i v e  k i n e t i c  e n e rg y  o p e r a t o r  o f  th e  i n c i d e n t  
p a r t i c l e .  I t  i s  assumed t h a t  th e  n u c l e a r  H am ilto n ian  Hw can be
r e p r e s e n t e d  by
% =  l ( U i + Ki)
1 =  1
which s a t i s f i e s  t h e  e q u a t io n ,
H jJn) = E j n )
!K^’ and ’l h f a r e  t h e  k i n e t i c  e n e rg y  and ave raged  p o t e n t i a l  f e l t  by  
th e  i t h  n u c le o n .
The e ig e n f u n c t io n  |n ) i s  an a n t isy m m e tr iz e d  wave f u n c t io n  f o r  t h e  n t h  
e x c i t e d  s t a t e  o f  th e  t a r g e t  n u c l e u s ,  and En i s  th e  c o r re s p o n d in g  
e ig e n v a lu e .  We d e f in e  th e  g r o u n d - s t a t e  energy  o f  th e  t a r g e t  t o  be z e r o ,  
i . e .
 ..............  Hn ; 0) = 0 (3 .3 )
The a n t isy m m e tr iz e d  g r o u n d - s ta te  wave f u n c t io n  |0) i s  n o rm a l is e d  as  
(0 |0) = 1
B efore  th e  i n t e r a c t i o n ,  th e  system  i s  r e p r e s e n t e d  by a f r e e  wave
fu n c t io n  |ik >, i . e .
-0
' V ' 1051^  C3.*o
i Fwhere | > i s  a p la n e  wave o f  momentum k^ r e p r e s e n t i n g  i n c i d e n t
"°p a r t i c l e .  The e q u a t io n  o f  m otion s a t i s f i e d  by |^ v > i s ,
+0
(E -  K0 - I K  > = 0 (3 .5 )
the
I n A(A+l) body c e n t r e -o f -m a s s  sy s tem , th e  an a lo g  o f  e q u a t io n  (3 .2 )  w ith  
boundary  c o n d i t io n s  o f  an o u tg o in g  wave i s ,
. A
| f  > = K  > + (E -  K -  Hn + i e ) " x I  v | f +> (3 .6 )
?0 i = l  1
The r e d u c t io n  o f  t h i s  to  a one-body e q u a t io n  i s  a c h ie v e d  by  d e f in i n g
I «l* I
t h e  ’c o h e r e n t ’ p a r t s  o f  > and | ^ q> a s ,  
( 0 |¥ +> = |$ +>
C ° l K  > = >&  -0
O bviously
| 0 ) | * * >  = |ik > which i s  eq . (3 -4)  and we d e f in ek-0 ^0 
| 0) 1$+ > = | x +>
With th e s e  d e f i n i t i o n s ,  we can w r i t e  e q . (3 .6 )  a s ,
. P A
I* > = Uv > + ( 0 1 (E -  K« -  Hj. + i e )  I  v | f  >-0  U N  i=1 i
which by v i r t u e  o f  d e f i n i t i o n  H ^|0) = 0 becomes,
l®+> = Uj! > + CE -  K0 + i e ) ' 1 (0| I v |T+>
-0 i = l
For l a t e r  co n v en ien ce ,  we now d e f in e ,
G E (E -  K0 -  Hn + i e ) ' 1
and
Gq = (E -  Kq + i s ) ' 1
I f  t h e r e  e x i s t s  an o p e r a to r  fi, such t h a t
i + i +
S2|X > = | f  >
i . e .
f l |0 )  ( 0 1 Y+> = | y+> 
th e  e q . ( 3 .1 0 )  becomes
|»+> = \ i l > + Goc°l I  v.n!°D 
50 u i = i
(3 .7 )
(3 .8 )
(3 .9 )
(3 .10 )
(3 .1 1 )
(3 .1 2 )
T his  i s  th e  r e q u i r e d  one-body e q u a t io n  which summarizes t h e  e f f e c t  o f  
n u c le u s  in  th e  p s e u d o p o te n t i a l  g iv e n  by
A
Uo p t .  = ( 0 U  v i n l 0) ( 3 - 13:ii = l
The e l a s t i c  s c a t t e r i n g  am p li tu d e  d e f in e d  a s ,
- 0  1=1
can e a s i l y  be w r i t t e n  i n  te rm s o f  UQpt  by u s in g  e q u a t io n s  [3 .3 )  and 
(3 .11)
Te£. “ t 3 -14)
The n a t u r e  o f  s c a t t e r i n g  i n s i d e  th e  n u c le u s  i s  governed by th e  s t r u c t u r e  
o f  ffi! which can be o b ta in e d  as  f o l lo w s .  With th e  h e lp  o f  e q u a t io n  ( 3 .1 0 ) ,  
th e  eq. s a t i s f i e d  by |y +> may be w r i t t e n  a s ,
| x+> = | ^ >  + G Uo p t J X+> (3 .15 )
S u b s t i t u t i o n  o f  |ip, > from t h i s  e q u a t io n ,  in  e q . ( 3 .6 )  and u se  o f  (3 .11 )
- 0
and (3 .9 )  y i e l d s ,
A
f t | x +> = | x +> + G(  I  v^f l  -  u  ) | x + >
i = l
Or A
a = 1 + G( I  v . fi -  U ) (3 .1 6 )
i = l  p
the
The Born te rm  o f  th e  o p t i c a l  p o t e n t i a l  i s  o b ta in e d  by u s i n g ^ f i r s t  te rm  
o f  ’ft’ o n ly .  This  g iv e s ,
A
CDu % ( 0 | l v . | 0 )  (3 .17 )
° p t ,  i . i
The s e r i e s  o b ta in e d  from (3 .16 ) i s ,  however, n o t  r a p i d l y  c o n v e rg in g .
A resum m ation i s ,  t h e r e f o r e ,  r e q u i r e d  w ith  th e  o b je c t  o f  o b t a in in g  
some c r i t e r i o n  f o r  th e  t r u n c a t i o n  o f  th e  s e r i e s .  This  can be done by
r e o r d e r i n g  th e  te rm s  i n  such a way t h a t  th e  f i r s t  te rm  c o n ta in s  
s c a t t e r i n g  from each  i n d i v id u a l  n u c leo n  to  a l l  o r d e r s ,  t h e  second te rm  
c o n ta in s  s c a t t e r i n g  from two c o r r e l a t e d  n u c le o n s  t o  a l l  o r d e r s ,  and s o  
on. Let us th e n  d e f in e  a  t r a n s i t i o n  o p e r a t o r  f o r  th e  i t h  n u c leo n  as
t .  = v .  + v .  G v . + . . ,  1 1  1 1
= v .  + v A G t .  C3.18)
and an e f f e c t i v e  i n c i d e n t  wave | f . >  d e f in e d  th ro u g h
I +  I +v . ¥ > = t .  h?.>i 1 i 1 i
so t h a t
l* i>  = I k  > + g0 I t  \ v * >
1 5o 0 j # i  3 J
i . e .  th e  e f f e c t i v e  i n c i d e n t  wave \ v .>  i s  formed from th e  a c t u a l  i n c i d e n ti
wave |\k > p lu s  th e  w a v e le ts  s c a t t e r e d  from a l l  t a r g e t  p a r t i c l e s  o th e r  
-0
th a n  p a r t i c l e  * i T. In  te rm s o f  a new wave o p e r a t o r  J h ,  |¥^> i s  g iven  
by
I + I +
hp.> = n.  x >i i  i
which means t h a t
v .ft  = t .  0,.i  i i
T h is  g iv e s
. = 1 + G J t .  Jl. -  G U 1 3 3 op t,
The o p t i c a l  p o t e n t i a l  can now be w r i t t e n  as
The f i r s t  te rm  i n  th e  expans ion  o f  t h i s
A
I
i= lUo p t .  = ( 0 l J ,  ( 3 ' 19)
thei s  d i s c u s s e d  i n  th e  n e x t  s e c t i o n .  The d i s c u s s io n  o f^seco n d  o rd e r  te rm  
and th e  q u e s t i o n  o f  i t s  u n iq u e n e ss  i s  pos tp o n ed  u n t i l  c h a p te r  5,
3 .2  F i r s t  O rder O p t ic a l  P o t e n t i a l  in  th e  C o o rd in a te  R e p re s e n ta t io n
Even th e  f i r s t  o r d e r  te rm  ( e q . 3 .19 )  in  th e  m u l t i p l e  s c a t t e r i n g
s e r i e s ,  o b ta in e d  in  th e  p re v io u s  s e c t i o n ,  i s  a v e ry  c o m p lic a te d  o b j e c t
the
because  o f  th e  o c c u r re n c e  of^many-body n u c l e a r  H am ilto n ian  i n  th e
d e f i n i t i o n  o f  ft . ’ . T h e re fo re ,  in  o rd e r  to  o b ta in  a form which i s  
i
n u m e r ic a l ly  t r a c t a b l e ,  one i s  o b l ig e d  to  make c e r t a i n  a p p ro x im a t io n s .
The v a l i d i t y  o f  th e s e  ap p ro x im a tio n s  may n o t  be w e l l  e s t a b l i s h e d  h p r i o r i .  
N e v e r th e le s s  th e y  p ro v id e  an a c c e p ta b le  s t a r t i n g  p o i n t  f o r  f u r t h e r  
r e f in e m e n t s .
F i r s t  o f  a l l  we would l i k e  t o  t a c k l e  th e  many-body n a t u r e  o f  
am p li tu d e  I f  we d e f in e  a t - m a t r i x  f o r  s c a t t e r i n g  o f  t h e
p r o j e c t i l e  from a f r e e  n u c leo n  as
t F = v. + v .  (E° -  Kn - K. + i e ) " 1 t ?  (3 .2 0 )l  l  l  v O i  J i
Fth e n  we can w r i t e  t ^  (e q .3 .1 8 )  in  te rm s o f  t ^  as 
t .  = t ?  + t F (G - Gc ) t .l  l  l  F7 i
where
P /'T'O „0 y N — 1G« = (E - K - K. + i e )F l
F 0In  th e  d e f i n i t i o n  o f  t ^ ,  E i s  th e  t o t a l  en e rg y  o f  p r o j e c t i l e  i n  t h e
c e n t r e -o f -m a s s  system  o f  two p a r t i c l e s ; K q and Kh a r e  as d e f in e d  p r e v io u s l y .
FThe two o p e r a to r s  t ^  and t ^  sum th e  fo l lo w in g  s e t s  o f  d ia g ra m s .
p , 1  p 1 p i  
In  th e  above d iagram  1p 1 s ta n d s  f o r  th e  p r o j e c t i l e  and ’ i ’ f o r  th e
i f
i t h  n u c le o n .  In  t ^ ,  s i m i l a r  s e t s  o f  d iagram s a r e  summed in  th e  
p re s e n c e  o f  (A-1 ) - p a r t i c l e  n u c l e a r  co re
t .  =l
p i  (A -l)  p i  (A -l)  p i  (A -l)
p
The ’ im p u lse '  a p p ro x im a tio n  c o n s i s t s  o f  r e p l a c i n g  t ^  by t ^ .  G o ldberge r  
and Watson (1964) have d i s c u s s e d  t h e  c r i t e r i o n  f o r  th e  v a l i d i t y  o f  t h i s
ap p ro x im a tio n  in  d e t a i l .  Owing to  th e  v e ry  s h o r t  ran g e  o f  KN i n t e r a c t i o n
0 .25  fms) i t  may be a p l a u s i b l e  assu m p tio n .  We a r e ,  however, 
i n t e r e s t e d  in  s tu d y in g  i t s  consequences in  th e  c a se  o f  k a o n -n u c le u s  and 
t h e r e f o r e  assume i t s  v a l i d i t y .  We a r e ,  now, read y  to  e v a lu a te
U(1i  = I  ( 0 | t F |0) 
o p t-  i = l  1
FIn  momentum s p a c e ,  th e  m a t r ix  e lem ent o f  t  can be w r i t t e n  as
< k " ,Q | t F |k ,P>  = < Q - k ' | t F |P-k> 6(k '-k+Q -P)
where 6 - f u n c t io n  r e p r e s e n t s  momentum c o n s e r v a t io n .  ' P f and ’Q* a r e  
th e  i n i t i a l  and f i n a l  momenta o f  s t r u c k  n u c le o n .  In  te rm s o f  th e
momentum t r a n s f e r  ’q ! d e f in e d  as
q = k -k "
we g e t ,
< k ;Q | tF |k ,P>  = < Q -k+ q |tF |P-k> 6(k"-k+Q-P)
the
I f  one can ig n o re  th e  Fermi m otion  o f^ n u c leo n  on i t s  e n c o u n te r  w i th
th e  i n c i d e n t  p a r t i c l e ,  i . e .  P £  0 , th e n  
k -  Q % k"
This  g iv e s
< k % Q |tF |k ,P> = < k ' I e ” 1- * - t F |k>
Or
A
' I ^  = I <k ' | € 0 lb>C0 le " i 9 ' - | ° 5
F * i= l
Fwhere t ^  i s  t h e  s p in ,  i s o s p i n  av e ra g e  v a lu e  o f  t  . The' k and k '  a r e
n o t  governed  by t h e  c o n s e rv a t io n  laws o f  f r e e  p r o j e c t i l e - n u c l e o n  s c a t t e r i n g .
T h e re fo re  t ^  i n  th e  above e x p re s s io n  i s  r e q u i r e d  o f f - t h e - e n e r g y - s h e l l .
A f u r t h e r  ap p ro x im a tio n  c o n s i s t s  o f  r e p l a c i n g  th e  o f f - s h e l l  t - m a t r i x  by 
i t s  o n - s h e l l  c o u n t e r p a r t ,  i . e .  i n  te rm s o f  momentum k^ which i s  p r o j e c t i l e -  
n u c leo n  r e l a t i v e  momentum and i s  r e l a t e d  to  k by
_ mK 4- %  .
-0 A(mK + m^) -
T his  g iv e s
l f l ’ r i  t iC?5o'k6 '  Ti } l 0)r 1=1
F
where th e  i s o s p i n  dependence o f  t ^  i s  e x p l i c i t l y  shown. As p r e v i o u s l y ,  
u s in g  an i s o s p i n  av e rag ed  am p li tu d e  t ^ ,  we g e t
<k' l uS l . | S> = V V 9  (3 .2 1 )
This  means t h a t  t h e  n u c l e a r  prob lem  i s  now c o m p le te ly  s e p a r a t e d  from 
th e  s c a t t e r i n g  p rob lem . In  view o f  th e  s t r o n g  ene rgy  dependence o f  t ^
in  th e  c a se  o f  KN i n t e r a c t i o n ,  i t  i s  n o t  a p p r o p r i a t e  to  change by A
( i . e .  th e  av e rag e  s c a t t e r i n g  l e n g t h ) .  But i f  t h i s  i s  p e r m i t t e d  th e n  
th e  F o u r ie r  t r a n s f o r m  o f  (3 .21 )  g iv e s
, r  2 lT h 2  rwhere =  A
has  been  u sed .
In te rm s o f  t h e  k a o n -n u c leu s  red u ce d  mass y^ we have
w ith A = x 
(N+Z)
I f  d i f f e r e n t  d e n s i t i e s  f o r  p ro to n s  and n e u t ro n s  a r e  used  th e n
(3 .22 )
3 .3  The Phenom enologica l S tu d ie s
By u s in g  th e  v a lu e s  o f  Aq and A  ^ o b ta in e d  from f r e e  KN s c a t t e r i n g  
a n a ly se s  i t  i s  im m ed ia te ly  a p p a re n t  t h a t  th e  a p p l i c a t i o n  o f  e q . ( 3 ,2 2 )  
y i e l d s  r e s u l t s  which a re  s t r o n g l y  in  c o n f l i c t  w ith  th e  e x p e r im e n ta l  
o b s e r v a t io n s  (B ack e n s to ss  1970). In  p a r t i c u l a r  th e  v a lu e  o f  w id th  i s  
a lm os t two s t a n d a r d  d e v i a t i o n s  s m a l le r  th a n  th e  e x p e r im e n ta l  v a lu e .
K re l l  (1971) em phasised  t h a t  th e  r e p u l s i v e  e f f e c t s  o b se rv ed  i n  k ao n ic  
atoms ( i . e .  n e g a t iv e  s h i f t  i n  th e  ene rgy  l e v e l )  sh o u ld  n o t  be c o n s id e re d  
t o  im ply  t h a t  t h e  r e a l  p a r t  o f  th e  p o t e n t i a l  i s  n e c e s s a r i l y  r e p u l s i v e .
I f  th e  n u c l e a r  p o t e n t i a l  i s  a t t r a c t i v e  as w e ll  as  s t r o n g l y  a b s o r p t i v e ,
th e n  i t  may happen t h a t  th e  r e p u l s i o n  due t o  a b s o r p t io n  dom ina tes  o v e r
th e  a t t r a c t i o n  and g iv e s  r i s e  t o  a n e t  r e p u l s i o n .  For an a t t r a c t i v e
r e a l  p a r t  o f  th e  p o t e n t i a l ,  t h e r e  i s  a d ra m a t ic  i n c r e a s e  i n  th e  v a lu e s  o f  th e
w id th .  In  o r d e r  to  be su re  abou t t h i s  p o i n t ,  B ackenstoss  (1972) c o n s id e r e d
a number- o f  p ro c e s s e s .w h ic h  might i n c r e a s e  th e  w id th  e . g .  i n c r e a s i n g  im a g in a ry
p a r t  o f  th e  p o t e n t i a l  w i th in  r e a s o n a b le  l i m i t s ,  in c lu d in g  p-wave i n t e r a c t i o n s ,
i n t r o d u c in g  tw o-nuc leon  a b s o r p t io n  te rm , i n c r e a s in g ^ s u r f a c e  t h i c k n e s s  
o f  n e u t ro n  d e n s i t y .
A l l  o f  t h e s e  p r o c e s s e s  f a i l e d  to  i n c r e a s e  th e  w id th  a p p r e c ia b ly ,
A v a lu e  o f  A w ith  p o s i t i v e  r e a l  p a r t  A = 0 .75  + 0 . 7 i  (as opposed to  
n e g a t iv e  r e a l  p a r t  e x p ec ted  from f r e e  s c a t t e r i n g  a n a l y s i s ) , how ever, was 
s u c c e s s f u l  i n  r e p ro d u c in g  e x p e r im e n ta l  v a lu e s  o f  s h i f t  and w id th  i n  
K~ - S 32. In  view  o f  th e s e  developm ents  S ek i (1972) u sed  th e  p o t e n t i a l  
o f  e q . (3 .2 2 )  w i th  A as  a f r e e  p a ra m e te r .  For 4 f  •+ 3d t r a n s i t i o n  in  
K” - S 32, he found t h a t  th e  av e ra g e  s c a t t e r i n g  le n g th  which re p ro d u c e s  
e x p e r im e n ta l  d a t a  i s
A(S32) = (+ ‘0 .75  ± 0 .5 7 )+  (0 .85  ± 0 . 4 2 ) i  fms.
a
He u s e d AFermi d i s t r i b u t i o n  f o r  th e  p ro to n  and n e u t ro n  d e n s i t y  w i th  
p a ra m e te rs  o b ta in e d  from charge  d i s t r i b u t i o n  a n a ly s e s .  In  a s i m i l a r  
c a l c u l a t i o n  f o r  K - C£35, he found
A(C£35) = (0 .7 6  ± 0 .72) + (1 .0 6  ± 0 ,4 8 ) i fm s ,
the
I t  was a l s o  n o te d  t h a t  th e  p a ra m e te rs  o f ^ d e n s i ty  d i s t r i b u t i o n  a r e  r a t h e r  
im p o r ta n t  i n  t h e s e  e v a l u a t i o n s .  Sek i (1972) showed t h a t  by s t a r t i n g  from 
a g iven  v a lu e  o f  complex en e rg y ,  i t  i s  p o s s i b l e  to  work back  and f i n d  
th e  v a lu e  o f  A v e ry  a c c u r a t e l y ,  p ro v id e d  P p (r)  and pn ( r ) a r e  known.
Sek i and Kunselman (1973) ex ten d ed  th e  work o f  S ek i  (1972) t o  f i n d  
th e  b e s t  f i t t e d  A f o r  4 f  -+ 3d and 3d ■+ 2p t r a n s i t i o n s  i n  d i f f e r e n t  k a o n ic  
atoms which had been  s tu d ie d  e x p e r im e n ta l ly .  They found an av e ra g e  v a l u e ,
A = (0 .60  ± 0 .41 )+  (0 .71  ± 0 .2 3 ) i
By m in im iz ing  x2 f ° r  f i v e  N=Z n u c l e i ,  Koch and S te rnhe im  (1972) found a n  
e x c e l l e n t  f i t  w i th  a v a lu e
A = (0 .4 4  ± 0 ,04) + (0 .8 3  ± 0 ,07) i
In  a  s i m i l a r  c a l c u l a t i o n  by B ackenstoss  e t  a l  (1974) a  s im u l tan e o u s  
f i t  t o  16 e x p e r im e n ta l  d a t a  y ie ld e d  A = (0 .56  ± 0 .08 )  + (0 .69  ± 0 . 0 8 ) i
R e c e n tly  (B a t ty  e t  a l  1979) an up d a ted  measurement o f  s h i f t s  and 
w id th s  f o r  AI ,  S i ,  Cu, S, Ni and new measurements on (6-+5) t r a n s i t i o n  in  
Ag, Cd, 'In  and Sn, (5-+4) i n  C o b a l t ,  (4-+3) i n  Mg and Oxygen have become 
a v a i l a b l e .  T h is  d a t a  and a l l  t h e  p re v io u s  d a t a  can be w e ll  r e p r e s e n t e d  
by u s in g  A = (0 .34  ± 0 .03 )  + i ( 0 . 8 1  ± 0 .03 )  ( F ig s :3 - 1 ,  3 -2 ,  3 -3)
[B a t ty  e t  a l  1979].
In  o rd e r  t o  show th e  co m p lica ted  n a t u r e  o f  i n t e r f e r e n c e  between 
th e  r e a l  and th e  im ag in a ry  p a r t s  o f  th e  o p t i c a l  p o t e n t i a l  we have p l o t t e d  
in  F i g . (3 - 4 ) ,  th e  v a r i a t i o n  o f  th e  s h i f t s  and w id th s  o ve r  a  ran g e  o f  
ImA f o r  a f ix e d  r e a l  A. F ig u re  (3-5) shows th e  dependence o f  t h e  s h i f t s  
and w id th s  over  a ran g e  o f  ReA f o r  a f ix e d  ImA. The p rom inen t e f f e c t  o f  
th e  r e a l  p a r t  on th e  w id th s  f o r  p o s i t i v e  v a lu e s  o f  ReA^is im m ed ia te ly  
c l e a r .  To check th e  s e n s i t i v i t y  o f  th e  r e s u l t s  w i th  r e s p e c t  t o  t h e  n u c l e a r  
d e n s i t y  p a ra m e te r s ,  we have c o n s id e re d  th e  c a se  o f  K~-Pb208 (8j-^-)7i) and 
v a r i e d  th e  n e u t ro n  d i f f u s e n e s s  p a ra m e te r  o f  t h e  Fermi d i s t r i b u t i o n .  The 
w id th  seems t o  i n c r e a s e  i n  d i r e c t  p r o p o r t i o n .  More p ronounced  e f f e c t s  on 
th e  w id th s ,  i n  th e  c a se  o f  K -C12 a r e  observed  i f  t h e  d i f f u s e n e s s  o f  th e  
p ro to n  d i s t r i b u t i o n  a s  w e ll  a s  th e  n e u t ro n  d i s t r i b u t i o n  i s  v a r i e d .  Up 
to  30% in c r e a s e  i n  th e  w id th  i s  o b ta in e d ,  i f  th e  r . m . s .  r a d i u s  o f  t h e  
Harmonic O s c i l l a t o r  d e n s i t y  i s  in c r e a s e d  by 0 .2  fms. (Table  3 - 1 ) .
In o rd e r  t o  a s s e s s  th e  e r r o r s  in t ro d u c e d  by u s in g  t h e  2 -p a ra m e te r
Fermi d e n s i t y  and th e  Harmonic O s c i l l a t o r  d e n s i t y ,  we have perfo rm ed  a
a
c a l c u l a t i o n  w i th ^ n u c le a r  d e n s i t y  o b ta in e d  from wave f u n c t io n s  g e n e ra te d  
in  a Woods-Saxon p o t e n t i a l .  A d e n s i t y  in  which th e  sum o f  s p h e r i c a l  
s h e l l s  i s  r e p la c e d  by a sum o f  G a u s s ia n s is  a l s o  c o n s id e re d .  The shapes  
o f  t h e s e  d e n s i t i e s  f o r  C12 and th e  s h i f t  and w id th  o f  2p s t a t e  i n  each  
c a se  a r e  g iv en  in  f i g . (3-6) and t a b l e  ( 3 -2 ) .
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TABLE 3-1
K”-pB2 0 8 ( 8 j - 7 i )
P ro to n  d i s t r i b u t i o n :
N eutron  d i s t r i b u t i o n
a (fms)
0 .50
0 .55
0 .59
0 .64
0 . 68
c = 6 .65  fms 
a  = 0 .526  fms
Width (KeV)
0 .209
0.237
0.271
0.312,
0 .362
K~-C12(3d-2p)
( i )  2 p a ra m e te r  Fermi d e n s i t y
P ro to n  d i s t r i b u t i o n  equa l  to  n e u t ro n  d i s t r i b u t i o n  w ith  c = 2.39
a ( fms) SHIFT (KeV) WIDTH (KeV)
0.14 0.446 0 .658
0 .18 0.461 0.749
0.23 0 .48 0 .863
0 .2 7 0 .503 1.00
0 .32 0.531 1.159
0 .3 6 0 .562 1.341
0 .41 0.597 1.545
0 .46 0.636 1.771
0.50 0.677 2.019
_c O s c i l l a t o r
< r2> SHIFT (KeV) WIDTH (KeV)
2 .0 0 .393 1.027
2 .2 0.491 1.295
2 .4 0 .60 1.598
2 .6 0 .718 1 .927
2 .8 0.84 2 .27
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T able  3-2
D en s i ty
2 -p a ra m e te r  Fermi 
(c= 2 .39 ,  t= 1 .9 3 )
Harmonic O s c i l l a t o r  
<r2> = 2 .49
Sum o f  G ussians  
S ick  (1974)
S h e l l  Model
E l to n  § S w if t  (1967)
( Fms )
K~-C12(2p)
A = (0 .5 6 ,0 .6 9 )
SHIFT (KeV) 
0.622
0 .653
0.685
0.547
WIDTH (KeV) 
1 .689
1 .744
1 .934
1 .642
CHAPTER 4
MICROSCOPIC OPTICAL POTENTIALS
The phenom enolog ica l s t u d i e s  d e s c r ib e d  in  t h e  p re v io u s  s e c t i o n  
p ro v id e d  s u f f i c i e n t  knowledge o f  th e  g e n e ra l  f e a t u r e s  o f  th e  k ao n -n u c le u s  
i n t e r a c t i o n  t o  i n i t i a t e  th e  c h a l le n g in g  t a s k  o f  d e r iv i n g  p s e u d o - p o te n t i a l s  
in  te rm s  o f  e x p e r im e n ta l ly  known tw o-body p a ra m e te r s .
A b r i e f  rev iew  o f  some such a t te m p ts  i n  c h ro n o lo g ic a l  o r d e r  i s  
g iven  below.
4 .1  Local P o t e n t i a l s
I t  was f i r s t  su g g e s te d  by U re tsky  (1966) t h a t  a  H a r t re e -F o c k  
ty p e  p o t e n t i a l  co u ld  be used  to  r e p r e s e n t  th e  K~-He1* p o t e n t i a l .  He 
argued  t h a t  th e  a d d i t i o n  o f  p o t e n t i a l s  r a t h e r  th a n  s c a t t e r i n g  le n g th s  
i s  more a p p r o p r i a t e  f o r  t h i s  low -energy  s i t u a t i o n .  A somewhat 
s i m i l a r  p ro c e d u re  was adop ted  by Von H ippe l and Douglas (1966).  They 
used  a KN p o t e n t i a l  which was th e  sum o f  two c e n t r a l  p o t e n t i a l s  
m u l t i p l i e d  by th e  p r o j e c t i o n  o p e r a t o r s  i n  th e  1=0, 1 s t a t e s
UKN = U0 Cr) J ^ 1 " -K’ -N^ + Ul ^  4 ^ 3 + -K'-N^
where U,j, were chosen  to  be Yukawa ty p e  p o t e n t i a l s  and t h e i r  volume 
i n t e g r a l s  were r e l a t e d  to  th e  s c a t t e r i n g  l e n g th s .  The q u a n t i t a t i v e  
d isag ree m en t  w i th  th e  e x p e r im e n ta l  f i g u r e s  f o r  K -He1* sys tem , how ever, 
p e r s i s t e d .  Koch and S te rnhe im  (1972) fo l lo w ed  th e  g e n e ra l  p ro c e d u re
o f  U re tsk y ,  u s in g  a  sq u a re  w e l l  f o r  th e  KN p o t e n t i a l  w i th  p a ra m e te r s
f i t t e d  t o  p roduce  e x p e r im e n ta l  s c a t t e r i n g  le n g th s  For a  ra n g e  o f
0.8-fm.;th e y  found a q u a l i t a t i v e  agreem ent w ith  t h e i r  phenom eno log ica l 
r e s u l t s .  Once a g a in  th e  argument i n  fa v o u r  o f  t h i s  p ro c e d u re  was
based  on th e  knowledge t h a t  th e  KN i n t e r a c t i o n  i s  s t r o n g  and a t t r a c t i v e  
p ro v id in g  a s i t u a t i o n  d i r e c t l y  i n  c o n t r a s t  to  th e  p io n ic - a to m s ,  where 
th e  method o f  add ing  th e  s c a t t e r i n g  le n g th s  works w e l l .  A .D e lo f f  (1973) 
in  a d e t a i l e d  i n v e s t i g a t i o n  a t t r i b u t e d  th e  f a i l u r e  o f  th e  s c a t t e r i n g  
le n g th  ap p ro x im a tio n  to  th e  i n c o r r e c t  u se  o f  a z e ro - ra n g e  i n t e r a c t i o n .
He u sed  a r a d i a l  d e l t a - f u n c t i o n  f o r  KN p o t e n t i a l
v ( r )  = -V d 6 ( r - d )  p , n \  p ,n
w ith  range  !d r  a p p r o p r i a t e  f o r  th e  exchange o f  a v e c t o r  meson. The 
d ep th  o f  th e  p o t e n t i a l  i n  t h i s  case  i s  r e l a t e d  to  s c a t t e r i n g  l e n g th s  
as fo l lo w s
2y V d 3 =p ,n  A .j P , n  + 1
i A iFor th e  v a lu e .  | - ^ p ,n |> l ,  th e  above r e l a t i o n  g iv e s  an a t t r a c t i v e  2-body 
p o t e n t i a l .  R e s u l t s  c lo se  to  e x p e r im e n ta l  v a lu e s  f o r  s h i f t s  and w id th s  
were p roduced  (D e lo f f  and Law 1974) by usmg a. G aussian  p o t e n t i a l
-0 .4 5 8 6  r 2/  2
v = -V e 3p ,n  p ,n
where ’ 3 f i s  th e  i n v e r s e  o f  th e  mass o f  th e  exchanged boson.
A. D e lo f f  (1977) i n  a g e n e ra l  d i s c u s s io n  o f  t h e  method c o n s id e re d  a 
c l a s s  o f  smooth fu n c t io n s  o f  r a d i a l  d i s t a n c e  t o  r e p r e s e n t  t h e  KN 
i n t e r a c t i o n ,
v ( r )  = vQh ( r )
w ith
47t h ( r ) r 2d r  = 1
For b $ 0 .5  - 1 fin and  Q between 0 .822  -  0 .801 (De Sw arte  and Dullemond 
1970) ,  i t  i s  a p p a re n t  t h a t  t h e  K -n u c le u s  p o t e n t i a l
VK( r )  = A v ( r -x )  p (x) d 3x
i s
4irh:V „(r) = —  K ~  z\i 1 +
m,.
mN.
A'
JL
1 -  A
JE.'
bQ
Z Pp ^  +
n
1 -A
N Pn (r)
I t  can be seen  t h a t  th e  q u a n t i t y
^n
1 - A 1 -  a Ap An
f o r  N = Z
bQ bQ,
n u c l e i  and f o r  v a lu e s  o f  bQ £ 1, g iv e s  a v a lu e  f o r  ' e f f e c t i v e ’ s c a t t e r i n g  
which i s  c lo s e  to  th e  phenom enolog ica l v a lu e .  The change in  s ig n  o f  
th e  r e a l  p a r t  was, t h e r e f o r e ,  c o n s id e re d  as a consequence o f  summing 
tw o-body p o t e n t i a l s .  The a l t e r n a t i v e  e x p la n a t io n  o f  t h i s  s ig n  change 
in  te rm s o f  th e  Y* re so n an ce  and s t r o n g  energy  dependence below e l a s t i c  
t h r e s h o l d  was c o n s id e re d  in a d e q u a te  on th e  grounds t h a t  a  s i m i l a r  
s i t u a t i o n  i s  e n c o u n te red  in  th e  case  o f  a n t i p r o t o n i c  atoms (D e lo f f  and 
Law 1974) where t h e r e  i s  no such re so n a n c e  p r e s e n t .
In  view o f  th e  a v a i l a b i l i t y  o f  new d a ta  on s c a t t e r i n g  l e n g t h s ,  and by 
way o f  check ing  such c a l c u l a t i o n s  we have r e c a l c u l a t e d  fo ld e d  
p o t e n t i a l s  (F ig .  4 -1 )  and checked t h e i r  dependence on 1 Some o f
th e  r e s u l t s  o b ta in e d  a r e  compared w ith  th e  e x p e r im e n ta l  v a lu e  i n  th e  t a b l e  (4- 
A more d e t a i l e d  d e s c r i p t i o n  o f  th e  k aon -nuc leon  i n t e r a c t i o n  
i n s i d e  th e  n u c le u s  was c o n s id e re d  by Wycech (1971) who o b ta in e d  a 
l o c a l  k ao n ic  o p t i c a l  p o t e n t i a l  which i s  n o n - l i n e a r  in  d e n s i t y .  He 
i m p l i c i t l y  u sed  a B ru eck n e r- ty p e  many-body th e o ry  to  r e l a t e  t h e  kaon-
n u c le u s  p o t e n t i a l  t o  th e  k aon -nuc leon  t r a n s i t i o n  a m p li tu d e .  The
f ig . 4.1
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TABLE 4-1
K - S 32 (3d) w i th  Fo lded  P o t e n t i a l s
Exp. v a lu e  o f  S h i f t :  0 .55  ± 0 .06  KeV 
Width: 2 .3 3  ± 0 . 0 6  KeV
1. Sc. l e n g th :  M artin  § S a k i t t  (1969)
Range B(fms) SHIFT (KeV) WIDTH (KeV)
0 .9 6  0 .685  2 .60
0 .8 8  0 .598  2.681
0 .80  0 .499 2 .733
0 .7 2  0 .398  2 .75
0 .64  0 .307  2 .76
2. Sc. l e n g th :  A.D. M artin  (1976) [T h resho ld  v a lu e ]
Range 3(fms) SHIFT (KeV) WIDTH (KeV)
0 .96  0.459 2 .498
0 .8 8  0 .407  2 .56
0 .8  0 .35  2 .62
0 .72  0 .28  2 .68
0.64  0 .207  2 .78
3. Sc. l e n g th :  A.D. M artin  (1976) [v a lu e  a t  E = -30  MeV]
Range 3(fms) SHIFT (KeV) WIDTH (KeV)
0.96  0 .505 2 .18
0 .8 8  0 .468  2 .27
0 .80  0 .418  2 .36
0 .7 2  0 .353  2 .46
0 .64  0 .2 7  2 .57
o f f - e n e r g y - s h e l l  e f f e c t s  were in c lu d e d  by  e x te n d in g  th e  r e a c t i o n  
m a t r ix  method f o r  t h e  p a r a m e t r i z a t i o n  o f  t h e  two-body t r a n s i t i o n  m a t r ix  
u sed  by D a l i t z  and Tuan ( I9 6 0 ) .  A s e p a r a b le  p o t e n t i a l  w i th  Yukawa 
form f a c t o r s  was u s e d .  In  g e n e ra l  t h e  o f f - s h e l l  e f f e c t s  a r e  sm a l l  
b e ca u se  o f  th e  s h o r t  ra n g e  o f  t h e  K N - in te r a c t io n  compared t o  th e  
i n t e r - n u c l e o n  d i s t a n c e .  However t h e  b e h a v io u r  o f  t h e  Y* i n s i d e  t h e  
n u c le u s  cau ses  im p o r ta n t  c o r r e c t i o n s .  S in ce  th e  p r o p e r t i e s  o f  th e  
Y* a r e  d e te rm in e d  m o s tly  by th e  n u c l e a r  momenta, th e  average, o v e r  
d i r e c t i o n s  o f  th e  kaon momentum i s  n o t  a bad a p p ro x im a tio n  b u t  i t  g iv e s  
enormous s i m p l i f i c a t i o n  by r e n d e r in g  th e  o p t i c a l  p o t e n t i a l  l o c a l .
The p o t e n t i a l  o f  Wycech can be approx im ated  by (Rook and Wycech
1972)
U ( r )  = - 2 (U +iW ) \  f ( r )  - 2(U +iW ) f i A  f ( r )  o p t .  -  v p p '  A J n n J K k  K J
l_
where f ( r )  i s  th e  Fermi d i s t r i b u t i o n  f u n c t io n  w ith  R = 1 .07  A3 and 
a = 0 .54
U = 35 MeV f o r  f ( r )  > 0 .09p ,
= -50 MeV f o r  f ( r )  < 0.01
= 1 6 1  + 1060 f ( r )  O th e rw ise .
W = 110 MeV f o r  f ( r )  > 0 . 2
P
= 12 .6  + 47 .4  f ( r )  MeV O th erw ise .
U = 7 MeV n
W = 27 MeVn
In  o r d e r  t o  accoun t f o r  t h e  a p p ro x im a tio n s  u sed  by Wycech (1 9 7 1 ) ,  
a m o d if ied  s e t  o f  v a lu e s  was c o n s id e re d
U = 35 MeV f o r  f ( r )  > 0 . 2
P
'= -50 MeV f o r  f ( r )  < 0.05
= -78 + 566 f ( r )  O th e rw ise .
T his  g iv e s  a r e a s o n a b le  agreem ent w i th  t h e  s h i f t  and w id th  d a t a  f o r  
Sn, C&, S and P.
The p s e u d o p o te n t i a l  s t u d i e s  o f  K r e l l  (1971) had i n d i c a t e d  t h a t  
t h e r e  must be some p h y s i c a l  mechanism r e s p o n s ib l e  f o r  th e  s ig n  change 
o f  th e  r e a l  p a r t  o f  th e  p o t e n t i a l .  Bardeen and T origoe  (1971, 1972) 
a rgued  t h a t  th e  dominance o f  th e  Y*(1405) i n  th e  K -p  channe l co u ld  be 
r e s p o n s ib l e  f o r  t h i s  p r o c e s s .  T h e re fo re  i f  one t a k e s  an av e rag e
o v e r  a l l  e n e r g ie s  a v a i l a b l e  t o  th e  K~-p sy s tem , t h i s  m ight w e l l  mask th e*
r e q u i r e d  e f f e c t  and th e  r e s u l t i n g  am p li tu d e s  cou ld  e x h i b i t  q u a l i t a t i v e l y  
th e  b e h a v io u r  o b se rv ed  in  th e  phenom eno log ica l c a se .  They d e f in e  t h e i r  
am p litu d e  a s ,
£
KN dW f^CW ) P(W)
where P(W) i s  th e  p r o b a b i l i t y  o f  f in d in g  th e  K~- abso rbed  n u c le o n  system  
w ith  a t o t a l  C.M. energy  W, which i s
W. = nu -  e v  + m. + e. -  P j  _ /2Mi  K K i  i  c.m.
where and e ^ a re  th e  K-meson and abso rbed  n u c le o n  b in d in g  e n e r g i e s  
r e s p e c t i v e l y  and Pc i s  th e  momentum o f  th e  c e n t r e - o f - m a s s . A 
r e a s o n a b le  agreem ent w ith  th e  d a t a  was found w ith  t h e s e  a m p li tu d e s  
(Tab le  4 - 2 ) .  Using t h e i r  ave raged  am p li tu d es
f v- = 1 .12  + 1 .4 8 i  ( fm s .)K p '
f r -  = 0 .14  + 0 .4 0 i  ( fm s.)K n
o b ta in e d  from th e  s tu d y  o f  K~-016 w ith  M artin  and S a k i t t  p a r a m e te r s ,  
we have o b ta in e d  s h i f t s  and w id th s  f o r  a number o f  l i g h t  n u c l e i  (T ab le  4 -2 )  
The v a l u e  o f  energy  averaged  am p li tu d es  v a r i e s  o n ly  s l i g h t l y  f o r  h e a v i e r  
n u c l e i  s t u d i e d  by Bardeen and T o r ig o e .  We have used  th e  v a lu e s  o b ta in e d
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from  th e  a n a ly s i s  o f  K -Ca i . e .
f^p  = 0 .9 4  + 1. 6 i  (fm s.)
f v -  = 0 .1 3  + 0 .3 9 i  ( fm s .)K n
to  s tu d y  K~-Cu63. The r e s u l t s  o b ta in e d  from  K” -Mo 9 6 a n a ly s i s
I v -  = 1 .01 + 1 ,6 2 i  (fm s .)K p
f „ -  = 0 .1 3  + 0 .4 2 i  (fm s .)K n
w ere u sed  in  K~-Cdlllf  and K -P b208 c a l c u la t io n  (T ab le 4 - 1 ) .  C h a t t e r j i  
and Ghosh (1973) u sed  an ana logous method o f  ta k in g  th e  e f f e c t s  o f  Yg 
re so n a n c e  in to  a c c o u n t. U sing th e  momentum dependen t a m p litu d e s  
o b ta in e d  from  th e  a n a ly t i c  c o n t in u a t io n  o f  th r e s h o ld  v a lu e s  ( e q .2 .1 4 ) ,  
th e y  av e rag ed  o v e r th e  n u c leo n  momentum d i s t r i b u t i o n  to  o b ta in
A = p (k) A(k) dk
w here
. - k 2/  2
p (k) = - i  k 2e . K ; K = 168 MeV/c
7T5 K3
The r e s u l t i n g  a m p litu d e s  a re  c lo s e  to  th e  f i t t e d  v a lu e  o f  Koch and 
S te m h e im . In  view  o f  th e  u p d a ted  v a lu e s  o f  s c a t t e r i n g  le n g th s  now 
a v a i l a b l e ,  we c o n s id e re d  i t  w o rth w h ile  to  to  r e p e a t  th e  a v e ra g in g  
p ro c e d u re . The r e s u l t i n g  v a lu e s  a re  shown in  th e  t a b l e  (4 -3 ) .  By 
n o t in g  th e  v a r i a t i o n  o f  s c a t t e r i n g  a m p litu d es  w ith  momentum ( F ig .4 -2 ) 
we have c a lc u la te d  s h i f t s  and w id th s  by u s in g  d i f f e r e n t  s e t s  o f  a m p litu d e s  
a t  some f ix e d  momentum below  th r e s h o ld .
TABLE 4 -3
N ucleus
Li
V A1
(SET)
I
I I
I I I
IV
Re Aj
0 .55
0 .54
0 .53
0.51
Im
av Akav
0 .58
0 .58
0 .6 7
0 .72
Be! I
I I
I I I
IV
0 .5 6
0.54
0 .53
0.51
0 .59
0 .59
0 .69
0 .73
S 32,C 12 I
I I
I I I
IV
0.58
0 .56
0 .55
0 .53
0 .62
0 .6 2
0 .73
0 .7 8
C£35,P 31 I
I I
I I I
IV
0.57
0 .56
0 .55
0.52
0.61
0 .61
0 .72
0 .77
A verage o f  a l l  v a lu e s  A^ = (0 .5 4 ,0 .6 6 )
av
Koch and S te rn h e im  (1972) ed = (0 .44  ± 0 .0 4 , 0 .83  ± 0 .0 7 )
C h a t t e r j i  and Ghosh (1973) A^ = (0 .2 8 ,0 .5 9 )
av
SET I : a o
= (-1 .66 ,0 .75 )
Ai = (0 .3 5 ,0 .6 6 )
SET H : Ao = ( - 1 .6 ,0 .4 9 )
Ai
= (0 .3 5 ,0 .6 6 )
SET I I I : Ao
= ( -1 .5 2 ,0 .3 9 )
A1
= (0 .3 5 ,0 .6 6 )
SET IV: Ao = ( -1 .4 4 ,0 .2 9 )
A1
= (0 .3 5 ,0 .6 6 )
] ADM a t  0 MeV
] ADM a t  -20 MeV
] ADM a t  -30 MeV
] ADM a t  -40  MeV
/ e s ~
0.2
0.1
.5
.2
.9
to
£
BRM 
ADM(O)  
ADM ( - 2 0 )  
ADM ( -3 0  ).3
EXP.
.0
10 20 30
E ( M e v )
B e l o w  t h r e s h o l d
4 .2  P ro p a g a tio n  o f  th e  Yg(1405)
The i n t e r a c t i o n  o f  th e  kaon w ith  a  n u c leo n  bound in  th e  n u c le u s  
i s  r e s p o n s ib le  f o r  th e  fo rm a tio n  o f  th e  Yg re so n an ce  w hich i s  i t s e l f  
in f lu e n c e d  by th e  p re s e n c e  o f  th e  r e s t  o f  th e  n u c le u s .  J .  R evai (1970) 
has shown t h a t  i t  i s  r a t h e r  im p o r ta n t to  know th e  b e h a v io u r  o f  t h i s  
re so n a n c e  in  o rd e r  to  o b ta in  th e  kaon-bound n u c leo n  s c a t t e r i n g  le n g th s .
He c o n s id e re d  a  s p e c ia l  th re e -b o d y  system  c o n s is t in g  o f  a kaon i n t e r a c t i n g  
w ith  a  n u c leo n  w hich i s  bound by a n u c le u s  o f  i n f i n i t e  mass and i s  
r e p re s e n te d  by a complex p o t e n t i a l  w e ll .  By s o lv in g  th e  Faddeev (1967) 
e q u a tio n s  f o r  t h i s  s im p l i f ie d  s i t u a t i o n ,  he showed t h a t  i f  th e  w id th  
o f  th e  re so n a n c e  i s  as la rg e  a s  ex p ec ted  from  th e  e x p e rim e n ta l v a lu e  
o f  KN-ZA c o u p lin g  th e n  i t s  in f lu e n c e  on s c a t t e r i n g  le n g th s  i s  s m a ll .
The r e s u l t s  o f  Wycech (1 9 7 1 ), how ever do n o t a g re e  w ith  t h i s  c o n c lu s io n . 
U sing h i s  s e l f - c o n s i s t e n t  o p t i c a l  p o t e n t i a l  he showed t h a t  th e  i n - t h e -  
medium a m p litu d e s  f o r  p ro to n s  a re  s i g n i f i c a n t l y  d i f f e r e n t  from  th e  
f r e e  v a lu e s  in  th e  n u c le a r  re g io n  where th e  d e n s i ty  i s  g r e a t e r  th a n  10% 
o f  th e  c e n t r a l  v a lu e . The changes in  k a o n -n e u tro n  a m p litu d e s  ap p ea r 
n e a r  th e  c e n t r a l  d e n s i t i e s .  T h e re fo re  f o r  eq u a l n e u tro n , p ro to n  
d e n s i t i e s ,  th e  i n t e r a c t io n s  w ith  th e  p ro to n  would d o m inate . I t  was' 
a l s o  shown t h a t  th e  p o s i t i o n  and th e  w id th  o f  th e  re so n an ce  a re  a 
f u n c t io n  o f  th e  n u c le a r  d e n s i ty .  In  th e  d e n se r  r e g io n ,  th e  w id th  i s  
e n la rg e d  and i s  s h i f t e d  upwards as much as  fo u r  tim e s  i t s  f r e e  v a lu e .
Even on th e  s u r f a c e  p ( r )  = 0 .1  p ( 0 ) ,  th e  c o l l i s i o n s  w ith  n u c le o n s  cau se  
a  c o n s id e ra b le  d e c re a se  in  i t s  l i f e - t i m e  and s h i f t  i t s  p o s i t i o n .
W eise and T auscher (1976) have u sed  an o p t i c a l  p o t e n t i a l  w hich 
e x p l i c i t l y  in c lu d e s  n u c le a r  s h e l l  s t r u c t u r e  a s p e c ts  as w e ll a s  th e  e f f e c t  
o f  Yg(1405) dynam ics in s id e  th e  n u c le u s .  They r e q u i r e  an upw ard 
s h i f t  in  th e  p o s i t i o n  o f  re so n an ce  o f  abou t 10-20 MeV, a p a r t  from  n u c le o n  
b in d in g  e f f e c t s  in  o rd e r  to  e x p la in  K -C 12, K -S 32 d a ta .  T h e ir  o p t i c a l
p o t e n t i a l  c o n s i s t s  o f  th e  sum o f  c o n t r ib u t io n s  from p ro to n s  and n e u tro n s
U ■ ( r )  = -4 ir[U ^(r) + b p ( r )  + a  p ( r ) ]  o p t . '  L p v '  P P  n yn v ^ J
RThe re s o n a n t p a r t  U in c lu d e s  th e  n u c le a r  s h e l l  s t r u c t u r e  e f f e c t s  and
P •
p a ra m e te rs  o f  th e  re so n an ce
u f a  = G2 y ppa ) ( r )
a m*+a- - 0 r-E2 a
where
Ea = CM+V ea 32 -  <P2>a
In  th e  above e x p re s s io n  i s  th e  p ro to n  energy  in  s h e l l  ?<x' and <P2>a
i s  th e  c o rre sp o n d in g  mean sq u a re  momentum. M* and r  a r e  th e  mass and
fcOw id th  o f  th e  re so n an ce  r e s p e c t iv e l y .  p^ J ( r )  i s  th e  p ro to n  d e n s i ty  in  
s h e l l  ’a ’ and G2 i s  th e  c o u p lin g  c o n s ta n t .  An e f f e c t i v e  upw ard s h i f t
i s  a p p a re n t b eca u se  o f  th e  in c lu s io n  o f  <p>2 and e . However th er  a a
p o s s i b i l i t y  o f  a f u r t h e r  s h i f t  b ecau se  o f  th e  i n t e r a c t i o n  o f  Y* w ith  th e  
r e s t  o f  th e  n u c le u s  i s  l e f t  open by in c lu d in g  th e  p a ra m e te r  'A 1, which 
i s  th e  e s se n c e  o f  t h i s  m ethod. I t  tu r n s  o u t t h a t  i t  i s  s u f f i c i e n t  to  
c o n s id e r  'A 1 as r e a l  and o f  th e  o rd e r  o f  20 MeV, in  o rd e r  to  re p ro d u c e  
bo th  carbon  and s u lp h u r  r e s u l t s .  The c h o ic e  o f  th e s e  two n u c l e i  was 
made b eca u se  o f  t h e i r  r e l a t i v e l y  b e t t e r  known d e n s i t i e s .  Brockman, 
Weise and T au sch e r (1978) ex ten d ed  th e  work o f  W eise and T au sch e r to  
s tu d y  th e  r o le  o f  Y* and YJ re so n a n c e s  in  K -C 12 and K -S 3 2 . One o f  
th e  im p o r ta n t d i f f e r e n c e s  from  th e  p re v io u s  c a l c u la t io n s  was th e  u se  
o f  M a r tin ’ s (1976) a m p litu d e s . The n o n - lo c a l i t y  e f f e c t s  b e c a u se  o f  
th e  p ro p a g a t io n  o f  re so n an ce  w ere a p p ro x im a te ly  ta k e n  in to  ac c o u n t by 
an a d d i t io n a l  p o t e n t i a l  o f  th e  form  V p ( r ) .V .  M oreover, in  s p i t e  o f  
th e  sm a ll p-w ave a m p litu d e s , t h e i r  s u b th re s h o ld  e x t r a p o la t io n  w hich 
b r in g s  in  th e  e f f e c t s  o f  Y* re so n a n c e  i s  c la im ed  to  be n o n - n e g l ig ib le .
I f  th e  KN in p u t  d a ta  i s  a c c u ra te  and th e  s in g le  p a r t i c l e  d i s t r i b u t i o n s  
a re  w e ll known, th e  k a o n ic  s h i f t s  and w id th s  would depend on th e  
dynam ical p r o p e r t i e s  o f  th e  Yg re so n a n c e . T h is was s tu d ie d  by 
in c lu d in g  P a u l i  c o r r e l a t i o n s , r e s c a t t e r i n g  e f f e c t s ,  c o u p lin g  to  Ztt 
channe l and L o ren tz -L o ren z  c o r r e c t io n .  I t  was found t h a t  th e  r e p u ls iv e  
s h i f t  o f  th e  Yg mass i s  o f  th e  o rd e r  o f  30 MeV in  th e  p re s e n c e  o f  P a u l i  
c o r r e l a t i o n s .  A p a r t  o f  t h i s  s h i f t  i s ,  how ever, removed by kaon 
s c a t t e r i n g  th ro u g h  th e  Yg in te rm e d ia te  s t a t e .  The i n t e r a c t i o n  o f  kaons 
w ith  th e  su rro u n d in g  n u c le u s  (a) and th e  non-m esic  decays (b)
n0 a
(a ) (
g iv e  a r e p u ls iv e  c o n t r ib u t io n  tow ards th e  s h i f t  o f  th e  re s o n a n c e , b u t 
t h e i r  q u a n t i t a t i v e  v a lu e s  have n o t  been found. The e f f e c t  o f  th e  
s h o r t - r a n g e  b a ry o n -b a ry o n  c o r r e l a t i o n  w hich i s  r e s p o n s ib le  f o r  L oren tz- 
Lorenz e f f e c t  in  th e  r e s o n a n t p a r t  o f  th e  p o t e n t i a l ,  i . e .
V
Vr e s .
r e s .
l+2yX2 V.r e s .
(X i s  th e  c o r r e l a t i o n  le n g th )
changes th e  Y* mass o n ly  s l i g h t l y .  In  summary a  r e p u ls iv e  s h i f t  
o f  20-30 MeV w ith  a p o s s ib le  sm a ll in c r e a s e  in  th e  w id th  o f  th e  
re so n a n c e  sh o u ld  be e x p ec ted .
4 .3  N o n -lo c a l P o te n t i a l s
The dom inance o f  th e  Y*~ re so n a n c e  in  th e  Ztt channe l o f  1=0 
s t a t e  prom pted A lb e rg , H enley and W ile ts  (1976) to  use  co up led  ch an n e ls  
to  a n a ly se  t h i s  i s o s p in  ■ 'state.. The coup led  S c h ro d in g e r e q u a tio n s  f o r  
c h an n e ls  1 (KN) and 2 (Ztt) can be w r i t t e n  as
f _ l 1 2 n 2
2 7 T  + ( + Vb  -  E1 ih = -V° i|j_ V1 12 v2
f - l i 2 V2  n 1
j f -  + ♦ V°2 - E M,2 = -v{2 ^
where -3 Tr  -3 Tr
VT. = *T. s -^-----
13 r
Tw ith  ’TT r e p r e s e n t in g  th e  i s o s p in  c h a n n e l. The p a ra m e te rs  A ^  and 3 ,^ 
were found by u s in g  Kim’s (1967) M -m atrix  e lem en ts f o r  th e  low energy  
KN s c a t t e r i n g ,
p0
X1 1 ^ 0  = 
X1 2 ^ 0  = 
X2 2 ^ 0  =
5 .56  fm "1 
-326 MeV 
-112 Mev 
-412 MeV.
For T = l, a  s in g le  channe l was used  and w ith  Kim’s p a ra m e te rs
$1 = (0 .824  + i  2 .29 ) fm-1
A1 = (-232  - 1 6 4 .9 ) MeV-fm-1
They d e r iv e d  a s e l f - c o n s i s t e n t ,  en e rg y -d ep e n d en t and n o n - lo c a l  
p o t e n t i a l
where
t (E) = v  + v  - E-HKT-Kn-U .N 0 o p t .
t'CE)
and |<f>n > i s  th e  s in g le  n u c leo n  she 11-m odel wave fu n c t io n .  T h e y  u sed  th e
a n s a tz
the
t  = v 1A1v 1 f o r AK~-n case
and
the _
t  = £ y lA ^  v3 f o r AK~-p i n t e r a c t io n
i= 0 , l
j * 0 , l
the i-; the
The e lem en ts  o f^ m a tr ix  A J a re  r e l a t e d  to ^ t - m a t r ix  as
w here
T =
T =
I  V1 A13 V3 
i= 0 , l  
3 = 0 , 1
V° + V1
0 . 0 0  i - i i= v A v + v 1 A1 v 1
vO, a0 , a 1, v 1 a r e  3 x 3  m a tr ic e s  c o rre sp o n d in g  to  th e  c h a n n e ls  K p , 
Z7r, K^n. The fo llo w in g  v a lu e s  w ere found
A1mn = 0
A1mn A1/^  o th e rw ise
x l l / 2
X01 2 / V 2 X°n / 2
>-*
0 II
22 A 2 &
■ x l l / 2 A : >'^ X? h 2  -
vT = / 2mn /  tt mn /  /  3/ B?' + k 2 ; m, n = 1 , 2 ,1 m * 9 *
r,0k ^ , d e s c r ib e  r e l a t i v e  momenta in  th e  K - p , Ztt, K n c h a n n e ls .
The c a lc u la b le  form  o f  th e  p o t e n t i a l  was f i n a l l y  o b ta in e d  u n d er 
th e  ap p ro x im a tio n
T his g iv e s
e_ £  4 tt
—
2
T
U . ( r  , r " )  = -  To p t e ” . 7T dK $ * (r)  e —  Yn
i K . ( r - r ' )
i= 0 .1  g2 o2
j - 0 „ l  Bi  6j
I  l _ A n C r »K2) *n CrO
n=Z+l
dK * * (r)  A1 (r ,K 2) (j)n ( r ' )
where K i s  th e  c e n tre -o f -m a s s  momentum.
A h ie ra r c h y  o f  lo c a l  a p p ro x im a tio n s  w ere a c t u a l l y  u sed  in  th e  
c a l c u la t io n  o f  th e  above e x p re s s io n .  In  th e  l o c a l - d e n s i ty  a p p ro x im a tio n , 
th e  e f f e c t s  o f  P a u l i  e x c lu s io n  p r i n c i p l e  were seen  to  be s m a ll .  The 
com parison  o f  th e  K -C 12 s h i f t s  and w id th s  f o r  harm onic o s c i l l a t o r  and 
r e a l i s t i c  s h e ll-m o d e l d e n s i t i e s  showed a marked d i f f e r e n c e .  A 
d i f f e r e n c e  o f  th e  same o rd e r  (30% - 50%) was found fo r  th e  harm onic 
o s c i l l a t o r  and 2 -p a ra m e te r  Fermi d i s t r i b u t i o n  fo r  31P, 32S and 35C£.
T h is  was a t t r i b u t e d  to  th e  u n r e a l i s t i c  drop o f f  o f  Harmonic o s c i l l a t o r  
d e n s i t i e s  in  th e  n u c le a r  s u r f a c e .  Some o f  th e  r e s u l t s  o f  A lb e rg ,
H enley  and IV ile ts  (1 9 7 6 ), a lo n g  w ith  o th e rs  a re  shown in  th e  t a b l e  ( 4 - 4 ) •
T o rig o e  (1977) showed t h a t  f o r  a s p h e r i c a l ly  sym m etric n u c le u s ,  
th e  n o n - lo c a l  p o t e n t i a l
TABLE 4 -4
A lb erg , H enley § W ile ts  (1976)
ATOM ( t r a n s i t i o n )  
K~-C12 (3d-2p)
K~-S32 (4 f-3 d )
K%C£37 (4£-3d)
N u c lea r D en s ity
Harmonic O s c i l l a to r  
S h e ll  Model
Harmonic O s c i l l a to r  
2 P a ram e te r Fermi
2 P aram e te r Fermi
AE: (-e+ir/2) KeV
0.619 + iO.635 
0.915 + iO.871
0.52 + i0.748 
0.924 + il.2
1.51 + il.74
T o rig o e  (1977) 
ATOM ( t r a n s i t i o n )
K~-S32 (4 f-3 d )
P o te n t i a l
N o n -lo ca l (M artin  §
S a k i t t  am ps.)
E q u iv a le n t - lo c a l  (")
Local (Amp. a t  an 
av erag e  energy)
Local (Energy averaged  amp. 
u s in g  e x a c t w .f n s .)
Local (Energy averaged  amp. 
u s in g  u n p e rtu rb e d  w .fn s .)
Local (Amp. u s in g  av erag e  
energy  f o r  each  le v e l)
Local (A verage amp. f o r  
each le v e l )
AE
0 .7 2  + 2.311
0 .8 5  + 2 .3 9 i  
0 .6 0  + 2 . 25 i
0 .49  + 2 .1 9 i
0 .61  + 2 . 16 i
0 .7 2  + 2 . 3 l i
0 .7 4  + 2 .2 0 i
T h ies (1978)
ATOM ( T ra n s i t io n
K~-C12(3d-2p)
<Q > = ( 2 0 .3 ,-3 3 .9 )  c .m . v J
P o te n t ia l  AE
S e lf  C o n s is te n t .  M artin  (1976) 0 .607  + 7 .5 2 7 i
amp. a t  th r e s h o ld
<Qc.m . > -  ( 1 7 .0 1 ,-3 0 .0 )
S e l f  C o n s is te n t .  M artin  (1976) 0 .6 4  + 1 .4 9 7 i
amp. a t  E = -20 MeV
<Q > = ( 1 2 .9 ,-2 8 .2 )  S e l f  C o n s is te n t .  M artin  (1976) 0 .673  + 1 .4 3 7 i
c *m* amp. a t  E = -30 MeV
where
V /(m K + £n>2-  P2
can be u sed  in  an i n t e g r o - d i f f e r e n t i a l  e q u a tio n
d2 £(£+1) ,c \r \  2 2— ----- 1----- l. + (E -  V J Z -  yz
Ld r:
<Hr)
= 2y,
9?
d r"  UQ pt>( r , r ' )  ^ ( r ' )
o
I t  can be shown t h a t
mt
2y. U „ ( r , r " )  A o p t . J = -4 ir(l+  I  I  (2 j+ l)n J
2J+1
47T
L £ J  
0 0 0 dp rRn (r )  j T(p r)  p 2f  ( E J  j  T( p r ')
r"R  ( r " )n v '
where f j j f i s  th e  s p h e r ic a l  B esse l fu n c tio n  o f  th e  o rd e r  J .
’ L*, ’ j* r e p r e s e n t  o r b i t a l  and t o t a l  a n g u la r  momentum o f  th e  
n u c le o n . i s  th e  kaon a n g u la r  momentum. The n u m e ric a l s o lu t io n
o f  th e  above e q u a tio n  i s  n o t v e ry  fo rm id a b le .
The fo llo w in g  c o n c lu s io n s  drawn by T o rigoe  (1977) a re  w orthy  o f
n o te .
1) The e q u iv a le n t  lo c a l  p o t e n t i a l  d e f in e d  as
UE L «  “ K r ) Uo p t / r , r ^  d 3 r
g iv e s  a f i i r  ag reem en t w ith  n o n - lo c a l  s h i f t s  and w id th s  ( i . e .  up to  
10-20% ). A d i f f e r e n c e  o f  somewhat g r e a t e r  o rd e r  i s  o b ta in e d  when th e  
r e s u l t s  o b ta in e d  by u s in g  M artin  and S a k i t t  (1969) a m p litu d e s  a re  
compared w ith  th o s e  o f  Kim (1967).
2) The a m p litu d e s  o b ta in e d  a t  some av e rag e  energy  g iv e  as good a 
f i t  a s  en erg y  av e ra g ed  a m p litu d e s .
The r e s u l t s  o b ta in e d  in  t h i s  scheme a re  compared w ith  o th e r  
r e s u l t s  in  t a b le  (4 -4 ) .
M. T h ies  (1977, 1978) perfo rm ed  a  com plete  co up led  ch an n e l 
c a l c u la t io n  f o r  th e  n o n - lo c a l  kaon o p t i c a l  p o t e n t i a l  in  th e  c a se  o f  K -C12 .
Uopt> ( r , / )  = J  <|>£(r) (Ei , r , r " )  (x) + 6 3 ( r - r ') 'U £oc< ( r )
where g2 i s  th e  co u p lin g  c o n s ta n t  f o r  KNY* and <j>^(r) a re  n u c leo n  s in g le  
p a r t i c l e  s t a t e s  below  th e  Fermi s u r f a c e .  The n o n - lo c a l i t y  a r i s e s  
b ecau se  o f  th e  p ro p a g a tio n  o f  th e  re so n a n c e  from  i t s  p o in t  o f  c r e a t io n  
a t  ’r ’ to  th e  p o in t  o f  decay ' r " 1.
K”
K
G, i s  th e  G reen’s fu n c tio n  .A
= <El CE-SJg mCE)D-1 |r- '>
w here ST (E) i s  th e  e f f e c t iv e  H am ilto n ian  fo r  th e  re so n a n c e , ft (E) e .n r  J c .m v J
r e l a t e s  th e  f r e e  t - m a t r ix  ’t ^ ’ to  th e  t - m a t r ix  in  th e  mexium t( E )  by 
th e  r e l a t i o n
t(E )  = t 0 (E -n c _m(E ))
' t ( E ) '  in v o lv e s  th e  f u l l  G re e n 's  fu n c tio n
G(E) = Q/CE -  Tr -  VK -  VN -  Th )
In  th e  l i m i t  when Q 1 and Vv = 0 , VXT = 0 th e n  ft (E) i s  j u s t  th ex K ; ' N c.m . J J
K.E. o f  th e  C.M.
A s e r i e s  s o lu t i o n  o f  ft (E) was o b ta in e d  and te rm s o n ly  up toc.m r  ~
second o rd e r  w ere u sed  in  th e  co u p led  ch an n e l c a l c u l a t i o n s .  The 
s o lu t io n  f o r  ft (E) i t s e l f  in v o lv e s  th e  kaon o p t i c a l  p o t e n t i a l  w hich
CUJT1
i s  th e  f i n a l  o b je c t  o f  i n t e r e s t ,  so  a  s e l f - c o n s i s te n c y  p ro c e d u re  i s  
r e q u ir e d .  The fo rm alism  a llo w s  a check o f  th e  u s u a l  a p p ro x im a tio n s  
l i k e  th e  lo c a l  d e n s i ty  a p p ro x im a tio n  and c lo s u re  ap p ro x im a tio n . I t  
was shown t h a t  any agreem ent w ith  th e  d a ta  i s  r a t h e r  s e n s i t i v e  to  in p u t  
q u a n t i t i e s  e .g .  th e  tw o-body a m p litu d e . The r e s u l t s  o b ta in e d  by u s in g  
th e  a m p litu d e s  g iv en  by W eise and T auscher (1976) w ere com pared w ith  
th o se  o b ta in e d  by u s in g  th e  a m p litu d e
£t (E) = (1/At  -  i k ) ' 1
expanded abo u t some p o in t  ’k ^ ’ so as to  a c h ie v e  th e  o p tim a l ex p a n s io n .
For A,p, th e  v a lu e s  g iven  by M artin  (1976) w ere u se d . However s in c e  
th e  m ethod does n o t  accommodate 'e n e rg y  dependence- o f  A,p, th e  s e n s i t i v i t y  
o f  th e  r e s u l t s  was checked f o r  v a lu e s  o f  a t  0 MeV, -  20 MeV and -40  MeV. 
(T ab le  ( 4 - 4 ) ] .
4 .4  Non M esic Decay
The problem  o f  K ~ -ab so rp tio n  on two n u c leo n s  has been  s tu d ie d  
by Rook (1962 ), Aslam and Rook (1970 ), Wycech (1967) and 
Rook (1975). A lb e rg , H enley and W ile ts  (1976) t r i e d  to  in c lu d e  
p h e n o m en o lo g ic a lly  an o p t i c a l  p o t e n t i a l  p r o p o r t io n a l  to  p2 ( r )  in  t h e i r  
fo rm alism  b u t n o te d  t h a t  th e  p a ra m e te rs  o f  t h i s  p o t e n t i a l  a re  p h y s ic a l ly  
u n re a so n a b le  i f  th e y  a c h ie v e  agreem ent w ith  th e  ex p e rim en t. Rook (1975) 
has a l s o  t r i e d  to  in c lu d e  t h i s  e f f e c t  in  te rm s o f  an o p t i c a l  p o t e n t i a l .
He c o n s id e re d  th e  p ro c e s s
ta k in g  p la c e  as
(K~ + N) + N (E + tt) + N
E + (it + N) E + N
' XN --------------  2
' ' ' . X
N ----------------- ^ --------------- T\
as s u g g e s te d  by Wycech (1 9 6 7 ), i . e .  *N1 and ’E* a re  j u s t  s p e c ta to r s  
in  th e  f i r s t  and second  i n t e r a c t i o n  r e s p e c t iv e ly .  By making u se  o f  
th e  c o n te n tio n  t h a t  th e  p ro p a g a to r  in  th e  two n u c leo n  p ro c e s s  has  lo n g  
ra n g e , he concluded  t h a t  a  p o t e n t i a l  p r o p o r t io n a l  to  p ( r )  r a t h e r  th a n  
p2 ( r )  may be e x p e c te d .
CHAPTER 5 
SECOND ORDER OPTICAL POTENTIAL 
The 20% a b s o rp t io n  o f  kaons on th e  two n u c leo n s  h as  been  u nder 
t h e o r e t i c a l  i n v e s t i g a t io n  f o r  q u i t e  some t im e . However th e r e  does n o t 
e x i s t  any s a t i s f a c t o r y  i n t e r p r e t a t i o n  o f  t h i s  p ro c e s s  as y e t .  The 
a t te m p ts  to  in c lu d e  a  second o rd e r  o p t i c a l  p o t e n t i a l  w hich i s  p r o p o r t io n a l  
to  th e  sq u a re  o f  th e  n u c le a r  d e n s i ty  f a i l e d  to  g iv e  re a s o n a b le  r e s u l t s  in  
kao n ic  atoms (u n lik e  th e  c a se  o f  p io n ic  atom s) even when th e  p a ra m e te rs  
were a d ju s te d  w ith in  p la u s ib le  l i m i t s .  T h is  r e s u l t  can w e ll be  a t t r i b u t e d  
to  th e  la c k  o f  d e t a i l e d  c o n s id e ra t io n s  o f  n u c le a r  c o r r e l a t i o n  f u n c t io n s .  
W ith in  th e  c o n te x t  o f  m u l t ip le  s c a t t e r in g  th e o ry ,  we hope t h a t  th e  in c lu s io n  
o f  second o rd e r  te rm s in v o lv in g  tw o -n u c leo n  c o r r e l a t i o n s  would be h e lp f u l  
in  u n d e rs ta n d in g  t h i s  p ro c e s s .  The accom panying P a u li  b lo c k in g  e f f e c t  
and th e  i n t r i c a t e  in t e r f e r e n c e  o f  r e a l  and im ag in ary  p a r t s  o f  th e  p o t e n t i a l  
how ever, does n o t en ab le  one to  c l e a r ly  dem arca te  th e  p a r t  o f  th e  o p t i c a l  
p o t e n t i a l  w hich enhances w id th  by 1 /5  o f  i t s  v a lu e  due to  a b s o rp t io n s  on 
s in g le  n u c le o n s .
In  t h i s  c h a p te r  we s h a l l  f i r s t  c o n s id e r  some fo rm al a s p e c ts  o f  
resumming th e  m u l t ip le  s c a t t e r i n g  s e r i e s  and th e  com parison  o f  second 
o rd e r  te rm s in  d i f f e r e n t  a p p ro a c h e s . The e v a lu a t io n  o f  t h i s  te rm  i s  
made a t  d i f f e r e n t  l e v e l s .  F i r s t ,  th e  n u c le u s  i s  r e p re s e n te d  by  a
F erm i-gas and th e  c lo s u re  ap p ro x im atio n  i s  assumed to  be v a l i d .  Then
the
th e  sh e ll-m o d e l wave fu n c tio n s  a re  used  and^second o rd e r  te rm  i s  d e r iv e d  
w ith  and w ith o u t c lo s u re  ap p ro x im a tio n . In a l l  c a se s  an e q u iv a le n t  lo c a l  
p o t e n t i a l  i s  o b ta in e d  to  d e c re a se  th e  co m p u ta tio n  t im e .
5 .1  Formal A sp ec ts  o f  SOP
The s c a t t e r i n g  am p litu d e  w hich d e f in e s  th e  e l a s t i c  s c a t t e r i n g  
o f  a  p r o j e c t i l e  from  a  n u c le u s  c o n s i s t in g  o f  A -nucleons i s
TlK > = v | / >
-0
w here |ip+> i s  th e  (A +l)-body wave fu n c t io n  w ith  o u tg o in g  boundary  
c o n d it io n s  and > i s  th e  i n i t i a l  wave fu n c tio n  c o n s is t in g  o f ’ n u c le u s
-o
in  i t s  ground s t a t e  and a f r e e  p a r t i c l e  o f  momentum as d e f in e d  in  
S e c t io n  3 .1 .  !Vf i s  th e  sum o f  tw o-body p o t e n t i a l s  betw een th e  in c id e n t  
p a r t i c l e  and in d iv id u a l  n u c le o n s ,
v • J, (S.1)
In  o p e ra to r  form ,
where
T = V + V (E+ - Hq) ” 1T
H0 = HN + K0
which i s  th e  e q u iv a le n t  form o f  th e  L ippm ann-Schw inger e q u a t io n . H ere
*4“E has been  used  f o r  E + i e .  For e l a s t i c  s c a t t e r i n g  i t  i s  alw ays p o s s ib le  
to  e x p re s s  fT f in  te rm s o f  a f u n c t io n  V t  as
T = U ' + U GnT (5 .2 )o p t .  o p t .  0 v J
the. ■
T h is  tra n s fo rm s^ (A + l)-b o d y  e q u a tio n  to  a 1-body e q u a tio n  f o r  p r o j e c t i l e  
in  a p s e u d o p o te n t ia l  U0p t  The p o te n t i a l  U t  i s  a c o m p lic a te d  many- 
body n o n - lo c a l ,  en e rg y -d ep e n d en t fu n c t io n .  I t s  e x a c t e v a lu a t io n  i s ,
th e r e f o r e ,  i n t r a c t a b l e .  In  p r a c t i c e  one c o n s id e rs  an ex p an s io n  o f  U t  
whose f i r s t  few term s a re  th e  on ly  im p o rta n t te rm s so f a r  a s  th e  e v a lu a t io n  
o f  o b se rv a b le  q u a n t i t i e s  i s  co n ce rn ed . A c a lc u la b le  form  i s  o b ta in e d  by
th e  a p p l ic a t io n  o f  some p la u s ib le  a p p ro x im a tio n s  to  th e s e  te rm s . In  
o rd e r  to  a c h ie v e  r a p id  co n v erg en ce , i t  i s  u s u a l to  do a  resum m ation 
o f  th e  s e r i e s  in  te rm s o f  2 , 3 , 4 , . . . - n u c le o n  c o r r e l a t i o n  f u n c t io n s .
I t  i s  e x p e c te d  t h a t  th r e e  p a r t i c l e  c o r r e l a t i o n s  have n e g l ig ib l e  
c o n t r ib u t io n s .  So t h a t  i t  would be  s u f f i c i e n t  to  c o n s id e r  o n ly  one 
te rm  h ig h e r  th a n  th e  f i r s t  o rd e r  te rm  w hich in v o lv e s  two p a r t i c l e  
c o r r e l a t i o n s .  The in c lu s io n  o f  t h i s  te rm , how ever, can n o t be a ch iev ed  
in  a  u n iq u e  way, i . e .  th e  tw o-body o p e ra t io n s  1t ^ 1 in  te rm s o f  w hich we 
have u n d e rta k e n  to  d e s c r ib e  th e  s c a t t e r i n g ,  can be d e f in e d  in  d i f f e r e n t  
w ays. For exam ple
% t . = p h i
in s te a d  o f  e q . ( 3 .1 8 , )  would be an e q u a l ly  a c c e p ta b le  form  p ro v id e d  t :  
and ft: a re  d e f in e d  in  a co m p a tib le  m anner. The two most o f te n  used  
m ethods o f  d e f in in g  tw o-body o p e ra to r s  d i f f e r  a t  th e  s ta g e  a t  w hich 
an tisy m m etry  o f  th e  t a r g e t  n u c le u s  i s  in tro d u c e d . These a re  due to  
Foldy  (1 9 4 5 ), Watson (1953) and Kerman, McManus and T h a le r  (1 959 ).
The l a t t e r  i s  d is c u s s e d  in  d e t a i l  in  s e c t io n  5 .3 .
We s h a l l  f i r s t  d is c u s s  th e  second o rd e r  te rm  o f  th e  o p t i c a l  
p o t e n t i a l  in  te rm s o f  ’t ^ ’ as d e f in e d  in  e q u a tio n  (3 .1 8 ) .  The second  
te rm  in  th e  ex p an sio n  o f  ft^ ( c . f .  s e c t io n  3 .1 ) i s
a c ts  o n ly  in  th e  p r o j e c t i l e  c o o rd in a te s  th e n  by making u se  o f
Hn 10) = 0 , we g e t :
Uop£ = ( ° l  I  *1 G t jo )  -  CO|?t,-lo)G CO| I  t  |0 )
° VZ‘ 1 3  i= l  j= l  3
A p a r t  o f  th e  second  te rm  can be in c lu d e d  in  th e  f i r s t  by making u se  o f
th e  p r o je c t io n  o p e ra to r s  P = |0 ) ( 0 |  and Q = (1 -P ) ,  which p r o j e c t  o n to
and o f f  th e  n u c le a r  ground s t a t e .
T h is  g iv e s
Uo r t  = C°l 1 -  Xc0|t±|0) GQ(01ti 10) (5 .3 )
I t  i s  e asy  to  se e  th e  fu n c t io n  o f  second  te rm  in  th e  above e x p re s s io n .
The s c a t t e r i n g  d e f in e d  by *T’ can be w r i t t e n  as  a sum o f  c o n t r ib u t io n s
T = (0| I  t.|0)- + Icoltjo) G0 l(0|t.|0) + ...
i  i  j
The ex p an sio n  o f  th e  second te rm  in  th e  above s e r i e s  g iv e s  r i s e  to  a 
q u a n t i ty
I ( 0 |v . |0 ) . G 0 ( 0 |v . |0 )
i
w hich i s  p r e c i s e ly  th e  second te rm  in  th e  ex p an sio n  o f
l(0|t.|0)
i
f o r  u n e x c i te d  in te rm e d ia te  s t a t e s .  T h is g iv e s  r i s e  to  doub le  c o u n tin g .
I t  can be seen  t h a t  th e  second te rm  in  e q u a t io n  (5 .3 )  w ould s u b t r a c t  a l l  
such te rm s and hence e l im in a te  th e  doub le  c o u n tin g . The f i r s t  te rm  in  
e q u a tio n  (5 .3 )  in v o lv e s  o n ly  e x c i te d  in te rm e d ia te  s t a t e s  and th e  summation 
i s  ov er d i f f e r e n t  t a r g e t  n u c le o n s . Thus th e r e  i s  no d u p l ic a t io n  o f  any 
o f  th e s e  te rm s in  th e  f i r s t  o rd e r  p o t e n t i a l .
The two te rm s w hich ap p ea red  on th e  R .H .S . o f  e q u a tio n  (5 .3 )  can 
be c o n t ra c te d  by d e f in in g  a new t - m a t r ix  (G o ld b erg er and Watson 1964)
The c o r r e c t  form  o f  o p t i c a l  p o t e n t i a l  up to  second  o rd e r  i s ,  th e n ,
The p re v io u s  e x p re s s io n  U . can be r e a d i ly  o b ta in e d  by n o t in g  t h a t
I t  may be p o in te d  o u t t h a t  th e  in te rm e d ia te  s t a t e s  a p p e a r in g  in  e q u a tio n  
(5 .4 )  can have a r b i t r a r y  symmetry s in c e  o p e ra to r s  and fQ' a re  d e f in e d
in  th e  f u l l  H i lb e r t  sp ace  o f  t a r g e t  n u c le u s  H am ilto n ian  w ith  b a s is  v e c to r s
Wo f  a l l  sy m m etries . i s ,  how ever, sym m etric s in c e  i t  i s  e x p re s s a b le
in  te rm s o f  ’T1 which i s  th e  i t e r a t i v e  s o lu t io n  o f  ’t . ’ and n o t ' t ? 1.1 1
5 .2  SOP - Fermi Gas Wave F u n c tio n s
The second o rd e r  te rm  in  e q u a tio n  (5 .4 )  in  o p e ra to r  form  i s
U(2) = I  t r  Q(E+ -  h^j -  K q ) '1 I tr  (5.5)
i  j ^ i
w here th e  d e f in i t i o n s  o f  v a r io u s  q u a n t i t i e s  in v o lv e d  h e re  a re  g iv e n  in  
c h a p te r  3 and s e c t io n  5 .1 .  In  o rd e r  to  o b ta in  a g u id e l in e  f o r  th e  
second  o rd e r  o p t i c a l  p o t e n t i a l ,  we make a  number o f  a p p ro x im a tio n s  f o r  
th e  above e x p re s s io n . F i r s t  o f  a l l  we r e p la c e  * t£ ! by ’ t ^ f w hich 
ig n o re s  th e  p re se n c e  o f  o p e ra to r  ’Q’ in  th e  d e f i n i t i o n  o f  ft r ’ . T h is  
means t h a t  we a re  ig n o r in g  a te rm  o f  th e  o rd e r  o f
~ ( 0 | | 0) G0 ( 0 | t . | 0 )
I t  can be shown (G o ldberger and Watson 1964) t h a t  t h i s  c o r r e c t io n  i s  n o t
g r e a t e r  th a n  th e  im pulse  ap p ro x im atio n  c o r r e c t io n  w hich we su b se q u e n tly
Fap p ly  on 11 ^ }. The tw o-body o p e ra to r  t^  w hich i s  th e  im pu lse  
ap p ro x im a tio n  o f  ' t ^ T as d is c u s s e d  in  s e c t io n  3_2 7 re d u c e s  th e
e x p re s s io n  on th e  R .H .S . o f  e q u a tio n  (5 .5 )  t o ,
UC2) = I t f  Q(E+ -  Hjj -  K p ) '1 I  t* 
i  ji^ i
,(2)The se c o n d -o rd e r  o p t i c a l  p o t e n t i a l  i s  o b ta in e d  by a v e ra g in g  U ov er 
n u c le a r  ground s t a t e
= < ,0 |U ( 2 ) |,0 >  o p t .  ’ 1 1 *
In  th e  above n o ta t io n  th e  commas in s id e  a n g u la r  b ra c k e ts  mean t h a t  th e  
q u e s tio n  o f  u s in g  a  s p e c i f i c  r e p r e s e n ta t io n  i s  l e f t  open. I f  we choose 
to  u se  momentum s p a c e , th e n
Uo p t .  = (0|<r|UW |k>|0)s(2)
By in t ro d u c in g  com plete  s e t s  o f  f r e e  p a r t i c l e  s t a t e s ,
d 3k ~  d 3k " ~ ( 0 | < k ' | t E |k ~ >
x < k "  |Q(E -  HN - KQ + i e ) " 1 ! ^ ~ > < k ~ ' | t ? | k > | 0 )
At t h i s  s ta g e  we ap p ly  c lo s u re  a p p ro x im a tio n , i . e .
(E -  Hn -  K + . i e ) ~ 1 " r . . C E k  -  En -  K0 + ic )
-0
“ 1
We can now w r i te
U(2)
o p t . Q S ^ )  =  ( 2 7 t )  ~ 3 I
d 3k'
Ek 0~EN‘ Ek ~ + le
—  ( 0 1 <k^ 11^\ k " >
x Q < k ~ |tE |k > |0 ) (5 .5 )
I * IThe q u a n t i ty  <k>|t^ |k ^ ^ >  i s  a  m a tr ix  e lem en t f o r  p r o j e c t i l e  c o o rd in a te s
Fb u t i s  an o p e r a to r  f o r  t a r g e t  c o o rd in a te s . .  The i s o s p in  dependence o f  t^
would be e x p l i c i t l y  shown by u s in g  ( th e r e  i s  no s p in  dependence s in c e
we a re  c o n s id e r in g  a  s p in  z e ro  p r o j e c t i l e ) .
I t  can be shown (G o ld b erg er § Watson 1964) t h a t
F - i q ' . x .
t ; C k " , k , T . |0 )  = e J<k " , k . - g ' | t U T .)  | k , k- >
J " J  ~J J J ~ ~J
where
q '  = k "  - k
An a p p ro x im a tio n  w hich i s  c o n s i s t e n t  w ith  th e  im pulse  ap p ro x im a tio n  i s
Fth e  n e g le c t  o f  k^ dependence o f  t^  i f  th e  ran g e  o f  i n t e r a c t i o n  i s  much 
s m a l le r  th a n  th e  s i z e  o f  s c a t t e r e r ,  i . e .
v-' 'Xj v v
A lso b eca u se  o f  th e  energy  denom inato r in  e q . ( 5 .5 )  th e  l a r g e s t  c o n t r ib u t io n  
comes from  th e  te rm s f o r  which
k Q £ k ~
T his a llo w s  us to  w r i te
- i q " .x .
S im i la r ly
where
t j  ( k " jk > T ^ )  10) = e '  3 t | ? ( k " , k , T j ) |0 )
- i q  ,x .  p 
“ e '  3 tJ C k o .k p .T ^ IO )
(0 | t ? ( k ' , k " , T \ )  = CO |e  9 ' ' 1 tT c k Q .k p ,^ )
q = k" - k ‘
so  t h a t
p p
L et us c o n s id e r  th e  e x p re s s io n  ( 0 | t ^  6 ( r '- x ^ ) Q  t^  6 ( r - x ^ ) |0 )  w hich w i l l  be
d en o ted  by (V^+V2) • Thus
[ V V2^ = I  t W h i  S ( r -x .) |-0 )
-  ( 0 | t f  6 ( r ' - x p  |.0) ( 0 | t ?  6 ( r - x p |0 )  ]
The f i r s t  te rm  on th e  R .H .S. i . e .  ’V^! w r i t t e n  in  th e  sy m m etrica l 
o p e ra to r  form  i s
V, = i  J [ t?  6 ( r " - x . )  t E 6 ( r - x . )  + t E 6 ( r ' - x . )  t ?  6 ( r - x . ) ]
1 2  1  -  - i  3 -  - y  y  - - j  i  - J
s in c e  th e  number o f  i ^ j  ty p e  p a i r s  a re  A (A -l)
T h e re fo re
V 1 = A(~2 T'L') I  [< a31 t E 6 ( r “- x p  t E 6 (r-x 2)|y6> 
a3Y<5
+ < a3 1 tE <S(r"-x2) t E 6 ( r - x 1) |y 6 > ]  a* a* a^ a
The c r e a t io n  and a n n i h i l a t io n  o p e ra to r s  a ^ , a^ e t c .  t h e i r  p r o p e r t i e s
and com m utation r e l a t i o n s  a re  d e f in e d  in  append ix  I I .
In  th e  above e x p re s s io n , th e  s u b s c r ip ts  *1* and *2’ a re  i n t e r ­
ch an g e ab le . T h e re fo re ,
Or
( O l v J O )  = A (A -l) I  < a $ |tE f iC r '-x ^  t E 6 ( r - x 2) | Y6> 
a0y6
x ( 0 |a + a l  a a  |0 ) 
1 a 3 6 Y
v i  =
A'-l £ [ < a | t 1 <$(r"-x..) |a><3 | t 9 6 ( r - x 9) |3 >
a<Ef  ■ . ■ " "
3<Ef
i F F
- < a |t ^  6 ( r ^ - x ^ ) |3 > < 3 |t2 6 (r-X 2) |a > ]
E x p re s s in g  t^  as
t ,  = C0 + Ct Io-Il
where
C0 ■ 4<3A1+V
c t = 7 (W
-2Trh2
-2ir ft2
( 5.7 )
In  th e  above ! Tq ' i s  th e  i s o s p in  o p e ra to r  f o r  p r o j e c t i l e  and ’ i s  th e  
i s o s p in  o p e ra to r  f o r  t a r g e t  p a r t i c l e .  A^ and Aq a re  s c a t t e r i n g  le n g th s  
f o r  i s o s p in  one and ze ro  r e s p e c t iv e ly  as used  p r e v io u s ly  in  c h a p te r  3. 
For a  F erm i-gas w ith  eq u a l numbers o f  p ro to n s  and n e u tro n s
I  < a | t 1 6 ( r " - x 1) |a >  = A CQ p ( r ' )
a<E_p
where
ApCr) = 2kp/3?r2
and
I  < a | t ,  6 ( r ^ - x , ) | $><$| 6 ( r - x 9) |a >  = 
a<Ef  a - - i  * -
3<HJ
A2
4
3 j i ( k p | r - r ' | )
,  2
kF |r .r - (Cg+3Cg) p (r) p ( r ' )
where ' j ^ '  i s  th e  f i r s t  o rd e r  B e s s e l 's  fu n c tio n , 
T his g iv e s
C2V1 = ACA-1) eg pCr) p (r ' )  -  A(A-1) CCg+3C2) £  (pc) pC?) pCr')
w ith  c o r r e l a t i o n  fu n c tio n  C(x) d e f in e d  by
C(x) = S j j C k p lr - r 'D /k p lr - r ' i
S im i la r ly  i t  can be shown t h a t
V, = -ACA-1) C? p (r) 'p (r ' )
T h e re fo re
[V1+V2] = ~- (- ^ - 3-CCg^3Cg) C2 ( k p | r - r ' | )  p(r) p ( r ' )
The i n t e g r a t i o n  o v er k "  in  e q u a tio n  (5 .7 )  can be c a r r i e d  to  g iv e
(2 -rr ) - 3
i k ^ . ( r ' - r )  
e ____ ~ _ “V_ ®
— 27rE -E -E + ir  *k k "  l e
-0
r  - r (5 .8 )
where
kg = 2p[(E. -  EN) / f i 2]
E^ i s  th e  av e rag e  r e l a t i v e  k i n e t i c  energy  o f  th e  p r o j e c t i l e  and t a r g e t
_o
n u c le o n ,
By ta k in g  th e  F o u r ie r  tr a n s fo rm  o f  e q u a tio n  (5 .7 )  and making 
u se  o f  eq . ( 5 .8 ) ,  we g e t th e  r e q u ir e d  second o rd e r  p o t e n t i a l  in  th e  
c o o rd in a te  r e p r e s e n ta t io n
5 .3  KMT -  Form alism
The method o f  c o n s tru c t in g  o p t i c a l  p o t e n t i a l  which i s  due to  
Kerman, McManus and T h a le r  (1959) i s  e s p e c i a l l y  c o n v e n ie n t f o r  th e  u se  
o f  o c c u p a tio n  number r e p r e s e n ta t io n .  In  t h i s  fo rm alism  a l l  quantum 
m echan ica l c a l c u la t io n s  a re  perfo rm ed  in  th e  a n tisy m m e tric  su b sp ace  by 
u s in g  a n t is y m m e tr iz a tio n  o p e ra to r  ’ CSL 1 . The t r a n s i t i o n  m a tr ix  ’T ! 
which was p re v io u s ly  d e f in e d  as
t  = i , v i + i / i C E + ■ H«r l  T1=1 1=1
can now be w r i t t e n  as
w here u se  has been  made o f  th e  an tisym m etry  o f  n u c e la r  wave fu n c t io n s .  
The u s u a l  G re e n 's  fu n c tio n  has now been r e p la c e d  by ' CHG* to  e n su re  
t h a t  a l l  in te rm e d ia te  s t a t e s  a re  a n tisy m m e tr iz e d . In  o rd e r  to  r e l a t e  
th e  t r a n s i t i o n  m a tr ix  f o r  th e  w hole sy stem  fT* to  i t s  tw o-body c o u n te r ­
p a r t  in  th e  n u c le a r  medium, i . e .  ' t 1, we p ro ceed  as fo llo w s .
x C2 ( k p | r " - r | )  p ( r )  p ( r " ) (5 .9 )
T = Av (1 + 02. G T) (5 .1 0 )
L et us d e f in e
so t h a t
t  = v ( l+  Q?G t )  
v = t ( 1  + CL G t)_1
By w r i t i n g  e q u a tio n  (5 .1 0 ) as
T = (1 - Av a G ) " 1 Av
= A v(l + OLG A v ) " 1
and s u b s t i t u t i n g  th e  v a lu e  o f  *v* from  e q u a tio n  (5 .1 1 ) we g e t ,
T = At [ I  - (A -l) a  G t ]  ” 1
Or
A -l T = ( A - l ) t  [1 -  a G  ( A - l ) t ] _1
The d e f i n i t i o n s
A -l T = T‘
(A -l) t =
g iv e
T" = [1 + a G  T"]
(5 .1 1 )
(5 .1 2 )
(5 .1 3 )
(5 .1 4 )
E q u a tio n  (5 .1 4 ) i s  s t i l l  a  s e t  o f  co u p led  i n t e g r a l  e q u a tio n s  
in v o lv in g  a l l  th e  t a r g e t  e x c i te d  s t a t e s .  A p e r tu r b a t iv e  s o lu t io n  o f  
t h i s  i s
T '  = a G  + ____
The f i r s t  te rm  in  th e  above ex p an sio n  c o rre sp o n d s  to  s c a t t e r i n g  from  
in d iv id u a l  n u c le o n s . H igher o rd e r  te rm s g iv e  c o n t r ib u t io n s  o f  th e  
p ro c e s s e s  in v o lv in g  two o r  more p a r t i c l e s .  In  o rd e r  to  make th e  s e r i e s
r a p id ly  c o n v e rg e n t, we s p l i t  th e  m a tr ix  in to  d ia g o n a l and
n o n -d ia g o n a l p a r t s .  The d ia g o n a l e lem en ts  o f  c o rre sp o n d  to  
s c a t t e r i n g  in  w hich in te rm e d ia te  s t a t e  i s  ground s t a t e  and n o n -d ia g o n a l 
e lem en ts  b r in g  in  e x c i te d  in te rm e d ia te  s t a t e s .  The s y s te m a t iz a t io n  o f  
T '  in to  p a r t s  depend ing  upon d ia g o n a l and n o n -d ia g o n a l com ponents o f  
i s  a f f e c t e d  as fo llo w s .
Making u se  o f  th e  p r o je c t io n  o p e ra to r s  ' P ’ and fQ’ , we w r i te
T '  = U(1) [1 + OLG (P+Q )T']
= (1 -  a G ' Q ) " 1 (1 + O.G P T")
By d e f in in g
U = (1 -  a  G Q )"1 U(1)
we g e t ,^
T / = U(1 + a G  P T"3
T his r e p r e s e n t s  a  S c h ro d in g e r  e q u a tio n  f o r  th e  s c a t t e r i n g  from  a  s in g le  
p a r t i c l e  p o t e n t i a l  ( 0 | u | 0 )  w hich i s  th e  r e q u ir e d  p o t e n t i a l .
K eeping o n ly  th e  f i r s t  two te rm s in  th e  ex p an sio n  o f  ' I P ,  we g e t
U = (A -l) t  .+ (A -l) x CE -  Hjj -  K0 + i e ) ' 1 Q ( A - 1 ) t
We w i l l  u se  th e  n o ta t io n s
U(1) = ( A -1 ) t
 3
C U 1 U
= (A - l) 2 t  a  G Q t
to  r e p r e s e n t  th e  f i r s t  o rd e r  and second  o rd e r  o p t i c a l  p o t e n t i a l  o p e r a to r s .
(1) FThe ground s t a t e  a v e ra g e  o f  U J w ith  t = t  re p ro d u c e s  th e  p o t e n t i a l
(O')
o b ta in e d  in  c h a p te r  3 . The av e ra g e  o f  IP  J i s  o b ta in e d  in  th e  n e x t 
s e c t io n  by u s in g  o c c u p a tio n  number r e p r e s e n ta t io n .
5 .4 .1  SOP In  O ccupation  Number R e p re s e n ta tio n  
(U sing C lo su re  ap p ro x im atio n )_____________
The many-body o p e ra to r  ’ t ’ d e f in e d  in  th e  p re v io u s  s e c t io n  m ust 
be app rox im ated  by an a p p ro p r ia te  s i n g l e - p a r t i c l e  o p e ra to r  so  t h a t  th e  
te c h n iq u e s  o f  s i n g l e - p a r t i c l e  c r e a t io n  and a n n ih i l a t io n  o p e ra to r s  co u ld  
be em ployed. Thus, to  second  o rd e r
w here
t = t  + t (  a .  -1 ) G t
’G’ b e in g  th e  f u l l  G reen’ s f u n c t io n .  In  acco rd an ce  w ith  th e  p re v io u s  
u sag e  o f  im pu lse  a p p ro x im a tio n , we a g a in  u se
so th a t
t  -  t
= ( A - l ) tF ; = (A -l) t F ( a - l )  G t F+ (A - l) 2t F OtGQ t F
T h is  can be r e a r ra n g e d  to  g iv e ,
= A (A - l ) tF CkG Q t F + (A -l) t F G P t F -  ( A - l ) t F G t F
(5 .1 5 )
Now i f  th e 'n u c le u s  i s  assumed to  be a s in g le  S l a t e r  d e te rm in a n t and th e  
c lo s u re  ap p ro x im a tio n  i s  assumed to  be v a l i d ,  th e n
U(2)  B o p t .
A -l \  < a | t r |$> (E-E„-K + ie )  1 < y | t r |6>
a3y<5
( ° l aa a3 Q ay a6 l 0) +
A -l I < o | t r |g >  (0 |a +  a e |0 )  G0
I <yKF| 6> C0|a  ^ a.6|05
y<5
A -l
 ^ A2 ) a , |
I  ^ I ^ C E - E ^ K q + x e ) " 1 t F |e>  C0|a+ a  |0 )
a3
(5 .1 6 )
H en ce fo rth  we w i l l  u se  th e  n o ta t io n s
Hence
u<2) =o p t .
f \
A -l T t F_G t F ( 0 | a + a Q Q a+ a J o )  " r y6 1 a $ x y 6 1
a$Y<S
A -l
A2 J I  < 6  G0 ( 0 | a ^ a 6 |0 ) ( 0 |a +  a 6 |0)
O t p
A -l
V A , I  CtF G t F) ( 0 | . +  a o |0)a3
The second and th e  t h i r d  te rm  o f  t h i s  e x p re s s io n  e a s i l y  red u ce  t o  two 
term s deno ted  by E^ and E2 r e s p e c t i v e l y .
and
E, = A -l
A2
I
a<E
y <e ,
t F Gn t Faa  0 yY
E «  =  -
A -l
a<E^
Y
F — F t r  G t  
aY Ya
The f i r s t  te rm  on th e  R .H.S. o f  eq. (5 .16 )  can be s p l i t  by making u s e  o f  
Q = 1-P . We c a l l  t h e s e  te rm s E^ and
E3
A - l T t  .  G t  . 0 a a Q a a JO)
£ a£ y5 a 3 Y  ^a3Yo
By u s in g  t h e  d e f i n i t i o n s  o f  c r e a t i o n  and a n n i h i l a t i o n  o p e r a t o r s  
and t h e i r  commutation r e l a t i o n s  (Appendix I I )
S im ila r ly
E 4  =  -
A - l
A , —  r  F  F  G T t  ta<Ef  aa  
Y<E,
Combining E^, E2 , E^ and E^
U(2) =  o p t .
A -l
A2
I  < a | t F |a> Gq< y | t F |y> 
a<E£
y<E-
A -l J- < a | t  [y> G <y |t |a> 
a<E ^
A -l p  _ _£ < a | t  |a> G<y It  | y>
a<E£
y > e .
A -l —  17 r£ G < a |t  | y> < y | t  |a> 
a<Ef
Y>E.
A -l £ < a | t F |a> G<yItF | y>
a<E£
y<e .
A f t e r  c a n c e l l a t i o n s ,
UW  = .o p t .
A -l £ < a | t F |Y> G < y |tF |a> 
a<E£
Y<E r
A - l
A£ /pt.<E
I  < a | t F |a> Gn< Y |tF |y>
y < e .
T his  i s  th e  second o r d e r  o p t i c a l  p o t e n t i a l  i n  KMT-formalism. 
This  method -will be used  w ith o u t  a p p ly in g  c l o s u r e  ap p ro x im atio n  in  
th e  n e x t  s e c t i o n .  The f a c i l i t y  w i th  which t h i s  can be done i n  KMT
*blcV0
method j u s t i f i e s  i t s  u s e .  The o p t i c a l  p o t e n t i a l  which g iv e s ^ u s u a l
f A - l 't - m a t r i x ,  i . e .  'T f ( i n s t e a d  o f  T '  = 
i n  append ix  I I I .
T) can be r e g a in e d  as  shown
5 .4 .2  SOP In  O ccupation  Number R e p re s e n ta t io n  
(W ithout u s in g  C lo su re  ap p ro x im a tio n )
Let us c o n s id e r  i t h e  f i r s t  te rm  in  e q u a t io n  (5 .15 )  and make u se  
o f  t h e  i d e n t i t y ,
oo
i ^ - K o ) *
(E -  Hn -  K0) -1 i
i .
d t (5 .1 7 )
0
\ /where th e  v a r i a b l e  t  has  been u sed  to  r e p r e s e n t  t im e .  T h is  g iv e s ,
> 1 h-* . - 1
A J 1
f  f  +  i ( E^ “ Kn ^
dt I t c t  * (° la afi Q eag-yS aB a 6 “
_lHNt  + lHNt ’‘K',; lHNt  ' lHNt  in, i a e e a .  e e 0)Y 6 ' J
By making u se  o f
- iH XTt  , iHXTt  N t  N e a ea
- l e  t  , a t  = e aa
we g e t ,
A - l ’ •-1
I A J
l
* 0
F F ■+ i [ E  “ Kn - ( e  - e  ) ] t
d t  I  t F t F ( 0 1a a Q e Y a + ajo)
a$y6 a3 Y<5 a 3 Y 6
where we have a l s o  u sed
e ' ^ J O )  -  |0 )
F i n a l l y ,
A -l V t F [E+-K „-(e  - e . ) ] " 1 t r ,  ( 0 | a T a .  Q a T a . | 0 )  
a3y<S 0 Y 6=1 yfi 1 a J  x y 6 1 '
-1  ^F
By making u se  o f  th e  p ro c e d u re  adop ted  p r e v io u s l y  to  re d u c e  th e  f a c t o r  
( 0 |a ^  a^ Q a^ a ^ | 0 ) ,  t h e  above e x p re s s io n  g iv e s
A -l
a<E^
y>E.
t F [E+ -  K. -  ( e ' - c  ) ] ' x t Fay 0 y a J ya (5 .18 )
Again u s in g  e q . ( 5 .1 7 ) ,  we w r i t e  th e  t h i r d  te rm  on th e  R .H.S. o f  e q . ( 5 .5 1 )  as
- l A -l
w r+  v ^  - i Z h . t  i Z h . t  .i ( E  -Kn) t  . j  F . 3
e 3 t .  e 3 e • 0)i  Jdt l  C0| t± e "  °'  “ " ' * “
0
where we have employed th e  fo l lo w in g  i d e n t i t i e s
"  I  \
1 =  1
- i Z h . t  i Z h . t  ., ■ ., ^• 3  . 2 - l h . t  l h . t
IMovr e t .  e  ^ = e  1 t .  e 1
i  i
i h . t
1
-- because  o f  [ t ^ ,  e ] = 0 f o r  i ^ j  . 
We may w r i t e
- l A -l '
I A2j
4
„ i ( E  -Kn) t  - i h . t  „ l h . t i -  r n | t  i n. 
v v  ^ ~ 0 i  i  3> (0 a a„ 0)dt 2, z* a e e t  • e 1 a 3 1
0
l  a3
+
By u s in g  th e  p r o p e r t i e s  o f  a^ ,  a^ e t c .
where we have in t r o d u c e d  a com ple te  s e t  o f  s t a t e s  |y>.
. R efe ren ce  t o  s p e c i f i c  p a r t i c l e s  ' i 1 can now be dropped and w ith  
th e  h e lp  o f  ( 5 .1 5 ) ,  we g e t
A-l
C T j Ia<E
t F [E+ -  Kn - (e - e  ) ]  * t F ay 0 y a J ya (5 .19 )
By j o i n i n g  th e  e x p re s s io n s  ( 5 .1 8 ) ,  (5 .19 )  and th e  second te rm  in  (5 .15 )
U(2) = o p t .
A -l
a<E,
Y<E,
t F [E+-Knay 0 (e -e  ) ]  * t F + v y a ' J ya
A - l
A2
I
a<E^
y<EJ
t F Gn t F aa 0 yy (5 .2 0 )
5 .5  SOP In  C o o rd in a te  Space
I t  has  been shown in  append ix  I I I  t h a t  up t o  2nd o r d e r ,
UWopt. A ( o | t F | o )  g0 c o | t F | o ]
This means t h a t  t h e  o n ly  te rm  in  e q u a t io n  (5 .2 0 )  which we need  t o  u se  i s
U£ 2  = -  l  <“ | t F |Y> [E+-K0-(E^.-Ea ) ] ‘ 1 < y | t F |o> (5 .2 1 )o p t . a<E
y<E.
We have to  u s e  t h i s  p o t e n t i a l  i n  t h e  K lein-G ordon e q u a t io n ,
[- ti2V2+(E-V ) 2- y 2Cl+] 'F(r) = 2y C2
The t o t a l  wave f u n c t io n  ¥ ( r )  may be  expanded in  s p h e r i c a l  harm onics a s ,
™  =  I  x i C r )£m
where
The r a d i a l  e q u a t io n  i n  te rm s o f  t h e  wave f u n c t io n  y ^  can be w r i t t e n  as
,2 u d )  
op
(Ch)
. Vi J
d 2 £(£+1) - (Z a )2 - 2(Za)E E2- yC1* 2yC Uo p t .  ^
” d r 2 ?  ^  - +(Ch)
Xn £ (r )  -  R.H.S,
R .H .S . = I z p i  
I ' m '
mdft Y£“ (r)
( 2 )An ’e q u i v a l e n t - l o c a l ’ form o f  ( r , r ' )  i s  d e f in e d  i f  we r e p l a c e  th e
R.H.S. by th e  fo l lo w in g  e x p re s s io n
R.H.S. = 2yC2 I
I ' m ' (r) un r Cr'5
x Y“^ ( r ' ) r ' 2 d r '  d£T
Here u ^  a re  th e  u n p e r tu rb e d  h y d ro g e n - l ik e  wave f u n c t io n s  f o r  th e  bound 
kaon.
Thus,
UpPW = I 1 y ■EL. v u n^ ( r )£ m n£'
“ o p t . ^ ’S ' 5 Un£ '* ; r ^  Y” ' C ? ' ) r ' 2d r '  dS2'
With th e  h e lp  o f  e q . ( 5 .2 1 )
where
V eG ( I r - r ' l )  = -  
Y“ '  '
i k  r - r ‘ y a 1 -  -
r - r ‘
V  = 2tJ n - ( eT‘ e«) /h 2
Let us c o n s id e r  th e  q u a n t i t y  < a | t  |y>. I f  |a> and |y> a r e  s i n g l e  
p a r t i c l e  wave fu n c t io n s  w i th  t o t a l  a n g u la r  momentum and ^  r e s p e c t i v e l y ,
th e n
<a p i F it  |y> = <n1 (£1^ ) j 1 m. m t  ( I r - r . J )  n 2 C^2D 3 2 \
The quantum number n ,  £, j ,  nu , m  ^ have t h e i r  u s u a l  meanings and s u b s c r i p t s
’ l 1 and ’ 2* r e f e r  t o  th e  f i r s t  and th e  second s c a t t e r e r .  I t  has  been
assumed in  t h e  above e x p re s s io n  t h a t  t - m a t r i x  i s  c e n t r a l .
F i iThe m u l t ip o l e  expansion  o f  t  ( | r - r ^ | )
t r ( | r - r ,  | )  = I  t L ( r , r 1)YLM( f )  Y ^C ip  
LM
and th e  i d e n t i t y
Yl t r )  = (-1 )  Yl ( r )
can be u sed  to  g e t ,
<a It F IY> = I Y^Cr) ( - l ^ C n ,  (S. D  j .  m. m
LM L 1 1 ■ 1 ■51 T1 *L YIM(V n 2 ( M » 2  mj 2 \ *
Hie s e p a r a t i o n  o f  m agne tic  quantum number ’M’ can be a c h ie v e d  by u s in g  
W igner-E ckart  theorem . T his  g iv e s
< a | t r |y> = J Y ^(r)  ( - l ) M<n1 U 1l ) j 1 m m
LM “ * * * 3 l  T1
t ^ r , ^ )  YLCr )
n 2 (*2i ) j 2 m m ><j2 m. L-M|j m. >
j 2 t 2 32 1 3 1 (5. 22 )
The n u c le o n  s i n g l e - p a r t i c l e  s t a t e  v e c to r s  u sed  i n  th e  above e x p re s s io n  
can be w r i t t e n  i n  d e t a i l  a s ,
m. m > = I  <Z m Sj m | j  m > 
31 1 m„ m 1 *1 1 s l  1 3l
h  S1
x V » , i , Cr) Y* , c* i 5 xi 1(ai ) x i ^ir  i j i
The red u ce d  m a tr ix  e lem en t in  e q u a t io n  (5 e22) can be f u r t h e r  s i m p l i f i e d  
by s e p a r a t i n g  th e  r a d i a l  and a n g u la r  p a r t  o f  th e  n u c leo n  wave f u n c t i o n s ,
i . e .
< o | t r | r>  = I  ( - 1 ) M Y^(?) o i j  j j  mT I I |n 2 £2 j 2 n  >
LM 1 2
x<CA1J ) j 1 l \Yi & i )  I I ^ 2 ^ 32 ><32 mi h~M\ 3 l  >
J 2 J 1
where m m
Also mn ms.
ICA. J)  j . . m. > = I  « L  m s m lj  m. * Y X( r  ) Xl 1 (o 1) 
A 1 31 m. m. 1 n  1 S1 1 h  *1 1 2 1
The two red u ced  m a t r ic e s  can be e a s i l y  e v a lu a te d  t o  y i e l d
< a | t F |y> = J  C-1)M yJJ(t) | ? 12 ( r , r 1) (-1 )  1 2
LM Z1 32
x W(£1£2j 1j 2 ;L J) -----  a <L 0 %2 0 | £ 1 0>
/ 4 tT. £.
x < j2 m. L-M| j  m > 
3 2 1 3 1
where ’W’ i s  t h e  Wigner c o e f f i c i e n t  and
>
2
x = /2 x + l
A lso
= < V 1j 1i'i I I ^ L C r . r p  | |n 2 i 2j 2mT 
S im i l a r l y
< y | t F |a> = Y ^ ( r " )  | ^ 21 ( r ; r 2) ( -1 )  2 1 l 2 ^
A  A
Z . L '
X  W ( £ 2 £ 1 j 2 j 1 ; L "  ^ < L ^ 0  0 1 ^ 2 P >
/4tT i 2
x < j 1m. L"M ^|j2m. >
1 J 1 * J2
The ex pans ion  o f  G reen’ s f u n c t io n  i s  sough t i n  t h e  fo l lo w in g  way,
-2yk r  k Mn Mn
 —  ^ cr »r ' )  Yt ° w  y. ° c^ )
0 0
where
Ya ( r , r ' )  = j (K r < ) h£
0 o ya  0
r < and r  b e in g  th e  s m a l le r  o r  g r e a t e r  o f  r  and t ' .  The d e f i n i t i o n s  o f
’ j ^ ’ and ’h£ 1 a r e  g iv en  by M essiah ( i 96 i ) .
® m
The com ple te  '  O ^ r ' )  i s  now,
x I y l  ° W  Y^ (r) Y ^ C r ^ Y ^ C r ' )  ( r , ^ }  / ^ 2 ( r ' , r 2) g
LM 0 0 u
L**M'
LnM 0 o
M j i ~ h~2+ i 2 3 2~^ ”2+&]
X c - l )  C-l) ( - 1) 1
A  A  /v  A  A
Jo ^2  ^ ”^0 L
x - 1— ;-------  - 4 = ~ -------W(£ £ j j ; L ' i )  W(£ t - j  j  ;L | )
.'4 7  j l  / n r  j, .  .
x <L 0 l ,  0 | t  0><L' 0 £ 0 | £ 2 0>
x <j m. L-Mlj* m. ><j. m. h'  M"| j  m. > 
* J2 J1 •'I J2
The sum o v er  m. and nt can be c a r r i e d  to  g iv e  
J l  J 2
I <J
m. m.  
31 >2
? m L -M |j . m. ><j, m L 'M ' | j  m. >
j 2 1 1 2
j i +j 2+M J-. Jo
= ( " 13 ILJ
We now c o n s id e r  th e  r e d u c t io n  o f  s p h e r i c a l  harm onics i n  t h e
d e f i n i t i o n  o f  ( r )  . i . e .EL
t? 
r
and
MMqIII
LL0e' d n '
Lo * • 
/ 4 ¥ £ .
<Lq 0 I '  0 1L 0><H'  m" L0 Mq |L M>
where u se  has  been  made o f
I  <L0-M0 L M| I  m > < £ Y  Ln -Mn |L M> (-1)
M,
MM, 0 0
■ ( ' «  0 J 7  6n '  Snun-
and
<L 0 L0 0 | A 0> = ( - I ) 11 L (|-) <Lq 0 i  0 1L 0>
F i n a l l y  we g e t ,
l l  V k 21 r  r _111+£+£l +jl2+L0+ 2 j l
ft2 n 1£ . j 1 LLn1 1J 1 0
n 2£2^2
(L0) 2 U p  2 (&2) 2 Cj 7) 2 (j 2)  2
1 6 tt2  CL) 2
x
m m 
T1 t 2
| ? i 2 Cr ^r i )  &  2 i ( T >r 2) gL^ ( r , r ' )  u £m( r ' ) r ' 2  dx-
f t - and may be w r i t t e n  i n  d e t a i l  as
where we have assumed t ^ ( r , r ^ )  t o  be on a  6- i n t e r a c t i o n ,  i . e .
t Q 6 ( r - r p
S im i l a r l y ,
2 1 ( r ’ r 2 } '
m . j t / «■* \ nit2 t 0 « ( r  - r 2) t
R 0 . ( r 0x0)  -------------------  R . . ( r 0T0)
**2 2 2 r 2 **1 1*^ 1
m mT.
= R ( r ' 3  R „  ,  . ( r ' )  <Xi 2 | t J Xl 1
n 2^2^2 n l 5'l*ll
so t h a t
m mT T 1 2
m m
V * J „  M " E <X. 1| t0 |x4 2><Xi 21t0lx. 1
l ~ P l m m 
T1 t 2
Assuming t h a t  ’t ^ ’ does n o t  connec t  s t a t e s  o f  d i f f e r e n t  i s o s p i n ,  we may 
choose a r e p r e s e n t a t i o n
t 0 = C0 + Ct -0*-
T q ,  t  b e in g  th e  i s o s p i n  o p e r a to r s  f o r  p r o j e c t i l e  and th e  t a r g e t  n u c le o n  
r e s p e c t i v e l y .  I t  can be shown t h a t
I f  we deno te  th e  L.H.S. o f  th e  above e q u a t io n  by t 2 , th e n  f o r  l i g h t  n u c l e i ,
=
2y
lfr2J
0 _  I
16tt2
h h
L L 0
I J LL° t L° r
o ' A A i i £ £ £ . i ,  1 2  -
(5 .23 )
where ' T 1 i s  a  geom etry f a c t o r  and I ( r )  i s  th e  r a d i a l  i n t e g r a l  in v o lv in g  
n u c leo n  r a d i a l  d i s t r i b u t i o n s .
t .
JILL ' JL+£0-L
0 , . , 1  2 ,7 , 2 f o •\2ri ^2r i  •) 2
1 2 3 1 3 2
u p - z u 2) n j p 1" a 2)
C<^0 Jl2 o IL 0> )2 (<L 0 £ 0 1L0 0> )2 [W(£1£2j 1j 2 ;L {)]■
(5 .24 )
The r a d i a l  i n t e g r a l s  i n  th e  c a se  o f  k a o n ic -c a rb o n  a r e  g iv e n  in  C h ap te r  7.
CHAPTER 6
EFFECTS OF OPTICAL POTENTIAL ON NUCLEAR ELECTRO-MAGNETIC INTERACTION
So f a r  we have been  concerned  w ith  t h e  s t r o n g  i n t e r a c t i o n  e f f e c t  
which cau ses  k ao n ic  l e v e l s  t o  be b roadened  and s h i f t e d  i n  en e rg y .  The 
o n ly  n u c l e a r  p h y s ic s  in f o r m a t io n  which can be d e r iv e d  from t h i s  i s  th e  
r a d i a l  d i s t r i b u t i o n  o f  n u c le o n s .  I t  i s ,  however, p o s s i b l e  t o  o b ta in  
more in fo rm a t io n  by s tu d y in g  th o s e  phenomena w hich i n v o l v e . s t r o n g  as 
w e ll  as  e l e c t r o m a g n e t i c  p r o c e s s e s .
In  s e c t i o n  (6 .1 )  we have s tu d ie d  th e  i n f l u e n c e  o f  s t r o n g - i n t e r a c t i o n  
on th e  e l e c t r o m a g n e t i c  t r a n s i t i o n  r a t e s  o f  th e  l a s t  o b se rv ed  X -ray i n  
v a r io u s  k a o n ic - a to m s . S e c t io n  (6 .2 )  d e a l s  w ith  th e  e f f e c t  o f  s t r o n g  
i n t e r a c t i o n  on h y p e r f in e  m u l t i p l e t  a r i s i n g  due to  t h e  s t a t i c  q u ad ru p o le  
i n t e r a c t i o n  o f  th e  n u c le u s .  The dynam ical quadrupo le  i n t e r a c t i o n ,  which 
mixes n u c l e a r  s t a t e s  w ith  th e  a to m ic  s t a t e s  d i f f e r i n g  in  a n g u la r  momentum 
by two u n i t s ,  i s  d i s c u s s e d  in  s e c t i o n  ( 6 .3 ) .
6 .1  T r a n s i t i o n  R ates
A lthough th e  s t r o n g  i n t e r a c t i o n  e f f e c t s  a r e  minimal f o r  th e  s t a t e  
(n + 1 ) ,  y e t  an a c c u r a te  measurement o f  t h e  w id th  o f  t h i s  l e v e l  s e r v e s  as  
an im p o r ta n t  check on th e  s t r e n g t h  o f  th e  im ag ina ry  p a r t  o f  th e  o p t i c a l  
p o t e n t i a l .  Such measurements have been c a r r i e d  o u t  e x p e r im e n ta l ly  
(B ackensto ss  e t  a l  1974, Barnes e t  a l  1974, M i l l e t  1974). The 
t h e o r e t i c a l  e s t im a te s  o f  th e  w id th  in c lu d e  a c o n t r i b u t i o n  from e l e c t r o ­
m agne tic  t r a n s i t i o n  r a t e  which i s  u s u a l l y  c a l c u l a t e d  in d e p e n d e n t ly  o f  
th e  s t r o n g  i n t e r a c t i o n  e f f e c t .  However i t  i s  w e l l  known t h a t  th e  n c 
l e v e l  has  a c o n s id e r a b le  o v e r la p  w ith  th e  n u c l e a r  d e n s i t y  and i s ,  th e r e b y ,  
s i g n i f i c a n t l y  d i s t o r t e d  ( F i g . 6 - 1 ) .  This  would cause  a change in  th e  
m a tr ix  e lem en t o f  fr* between s t a t e s  nc and (nc+ l ) , r e s u l t i n g  i n  th e
r i g .  b j
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m o d i f i c a t io n  o f  th e  e l e c t r o m a g n e t i c  w id th  o f  th e  up p er  s t a t e .
We have s tu d ie d  K -C 12 , K -S 32 and K -Cu63 f o r  which th e
l a s t  o b se rv ed  X -ray  c o rre sp o n d s  t o  th e  3d-2p , 4 f -3 d  and 5 g -4 f  t r a n s i t i o n  
r e s p e c t i v e l y .  I t  i s  seen  t h a t  th e  enhancement o f  t h e  r a d i a t i v e  w id th  
i s  o n ly  1 - 2% and hence  q u i t e  n e g l i g i b l e  compared to  t h e  o th e r  e l e c t r o ­
m agnetic  c o r r e c t i o n s  and c e r t a i n l y  f a r  to o  sm a l l  t o  be d i s t i n g u i s h a b l e  
e x p e r im e n ta l ly .
The e l e c t r i c  d ip o le  r a d i a t i v e  w id th  o f  a s t a t e  (n ,£ )  due to  
t r a n s i t i o n  (n£m n"£"m") i s  g iven  by (S ak u ra i  1967)
W = J W(nHm -> n" £-1 m")
XIX/ ^
U
The m a t r ix  e lem en ts  o f  f. r '  f o r  u n p e r tu rb e d  w a v e - fu n c t io n s  can be w r i t t e n  
a n a l y t i c a l l y  (Bethe § S a lp e t e r  1957)
m
00 2
n , £-1
J
0
£+1 n+ n"-2£-2
x F ( -n r , - n " ,  2£ -4nn"
( n - n ' ) 2
-4nn
(n -n " )
where n = n - £ - l  , n" = n " -£r  r
a Q = h 2/ p e 2
and h y p e rg e o m e tr ic  f u n c t io n  F ( a ,3 , y ; x )  i s  d e f in e d  a s ,
For & = n - 1 ,  n '  = n - 2 ,  we can e x p re s s  r a d i a t i v e  w id th  in  t h e  form,
W 4e;
n ’n ~1 3h 3C 3
4 e 2
CAE) n -1  '2 n - l
~ 4n+ l,  . v2n+3 2n+22 (n -1)  n
(2 n - l ) 4n+l
(6 . 2)
The c o n s ta n t  f a c t o r  — -  i s  equa l  t o  2 .49877 x 10~7 (MeV-fm)2
3h3C3
The h y d ro g e n - l ik e  n o rm a l is e d  w a v e - fu n c t io n s  which have been  used  i n  t h e  
it 1  xi 2e x p re s s io n  f o r  can be w r i t t e n  a n a l y t i c a l l y  as
R , = 2Zn , n - l .n ao> 2 n [ ( 2 n - l ) ! ] 3_
1
2
( 2 n - l ) ! 2Zrl
lna0J
-Z r  
n-1  na
e 0
(6 .3 )
We have u sed  th e  w a v e - fu n c t io n s  p roduced  i n  t h e  p r e s e n c e  o f  s t r o n g - i n t e r a c t i o n
V (r) = - (27rh2/y )  (l+mK/mN) A p ( r )
w ith  A = 0 .56  + 0.69 i
t o  c a l c u l a t e  th e  m a t r ix  e lem ent o f  ' r * .
In  th e  absence  o f  s t r o n g - i n t e r a c t i o n  t h i s  program  p roduces  w a v e - fu n c t io n s
which a r e  b e t t e r  th a n  one p a r t  i n  1000. In  o r d e r  t o  check th e  a c c u ra c y
o f  n u m e rica l  i n t e g r a t i o n  in v o lv e d  i n  e q . ( 6 .1 )  we have used  w a v e - fu n c t io n s
xi 1 xi 2
o f  e q . ( 6 .3 )  t o  p roduce  n n 1 * * i^e comPa r i son wib h  a n a l y t i c a l
e x p re s s io n  i s  g iv en  in  t a b l e  ( 6 - 1 ) .  The com parison  o f  w id th s  o b ta in e d  
from d i s t o r t e d  and u n d i s t o r t e d  w a v e - fu n c t io n s  i s  g iv en  in  t a b l e  ( 6 - 2 ) .  
These v a lu e s  have been  g iven  a f t e r  a p p ly in g  c .m . m otion  c o r r e c t i o n  
(F r ie d  § M artin  1963)
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6 .2  S t a t i c  Q uadrupole I n t e r a c t i o n
Scheck (1972) h as  su g g e s te d  t h a t  th e  s t a t i c  quad rupo le  h y p e r f in e  
s t r u c t u r e  i n  k a o n ic  atoms can s e r v e  as  a p r e c i s e  measure o f  n u c l e a r  
q u ad ru p o le  moment ( f o r  deformed n u c l e i  w i th  s p in  J  £ 1 ) .  S ince  th e  o t h e r  
f i n i t e  s i z e  e f f e c t s  i n  th e  e l e c t r i c a l  i n t e r a c t i o n  f o r  t h e  c r i t i c a l  k ao n ic  
o r b i t s  (where q u ad ru p o le  e f f e c t  i s  l a r g e s t )  a r e  s m a l l ,  a  n e a r l y  model-
e
in d e p e n d e n t  approach  i s  h ig h l y  p l a u s i b l e .  The e f f e c t  o f  t h e  s t r o n g  
i n t e r a c t i o n  i s  t o  s h i f t  th e  h y p e r f in e  m u l t i p l e t  and b roaden  t h e s e  l e v e l s .  
The t h e o r e t i c a l  e s t i m a t e  o f  t h i s  can be  s p l i t  i n t o  two p a r t s .  F i r s t  
i n  which th e  k a o n -n u c le u s  o p t i c a l  p o t e n t i a l  i s  p r o p o r t i o n a l  to  th e  
s p h e r i c a l  d e n s i t y  d i s t r i b u t i o n  and second  where t h e  s e c o n d -o rd e r  d e n s i t y  
e f f e c t  i s  in c lu d e d .
The t o t a l  s h i f t  and w id th  can ,  th e n ,  be w r i t t e n  as
e = e 0 + e 2 C
r  = r 0 . + r 2 c  (j , a , f ) .
where Fq a r e  th e  s h i f t  and w id th  o b ta in e d  from an o p t i c a l  p o t e n t i a l  
p r o p o r t i o n a l  to  th e  s p h e r i c a l  d e n s i t y  d i s t r i b u t i o n ,  i . e .  Pq ( t) p a r t  o f
' P(r )  -  pQ(r)  + / 5 / 1 6 tt p2 (r) Y2 0 (r)
In  th e  above approx im ate  r e l a t i o n ,  i t  has  been  assumed t h a t  th e  n u c le u s  
has  o n ly  q u ad ru p o le  d e fo rm a tio n .  e 2 ’ F2 a r e  a d d i t i o n a l  s h i f t  and 
w id th  a r i s i n g  due to  th e  o p t i c a l  p o t e n t i a l  p r o p o r t i o n a l  t o  P2 ( r ) .  The
f u n c t i o n  C ( J ,£ ,F )  i s  an a n g u la r  momentum f a c t o r  which a l s o  d e te rm in e s
e l e c t r o m a g n e t i c  h y p e r f in e  s p l i t t i n g  and depends on th e  n u c l e a r  s p in  ' J ’ , 
k ao n ic  a n g u la r  momentum and t o t a l  a n g u la r  momentum o f  th e  sy stem  ' F*. 
I t  can be shown (Scheck 1972) t h a t  th e  a d d i t i o n a l  s h i f t s  and w id th s  a r e  
p r o p o r t i o n a l  to  th e  e l e c t r i c  q uad rupo le  energy  which i s  g iv en  in  te rm s
o f  th e  s p e c tr o s c o p ic  quadrupole moment o f  th e  n u c le u s  (Woodgate 1970)
The s u c c e s s  o f  t h i s  method f o r  c a l c u l a t i n g  Q l i e s  i n  t h a t  th e  
r a t i o s  ^ 2 ^ 0  a r e  reclu^r e ^ t0  d e te rm in e  n o n - s p h e r ic a l  c o n t r i b u t i o n s
and t h e r e f o r e  th e  u n c e r t a i n t i e s  in  th e  p a ra m e te rs  o f  o p t i c a l  p o t e n t i a l  
a r e  l e s s  im p o r ta n t .
6 .3  Dynamical Quadrupole I n t e r a c t i o n
I t  has  been  su g g e s te d  by Leon (1970, 1974) t h a t  f o r  some i s o t o p e s ,  
t h e r e  a r e  e x p e c te d  to  be s i g n i f i c a n t  changes i n  th e  l e v e l  w id th s  due t o  
n u c l e a r  re so n a n c e  e f f e c t .  I f  th e  a tom ic  d e - e x c i t a t i o n  e n e rg y  f o r  t h e  
t r a n s i t i o n  nil n^Jl" c l o s e l y  re sem bles  th e  n u c l e a r  e x c i t a t i o n  ene rgy  
f o r  I I ' ,  th e n  a  s i g n i f i c a n t  c o n f ig u r a t io n  m ixing  can ta k e  p la c e  
r e s u l t i n g  in  th e  a t t e n u a t i o n  o f  r e l e v a n t  X -rays i n t e n s i t i e s .  The t o t a l  
w a v e - fu n c t io n  o f  th e  system  i n  t h i s  c a se  i s  g iv en  by
a^ 0 ' n 3 (Jl+l) (2£+l) (2JI+3)
C (J ,  *F) (6 .4 )
where
3X(X-1) -  4J(J+1)A (£+1) 
c ^ j , x , , r j 2J ( 2 J - 1 )  £ (2 £ - l )
X = J ( J + 1 )  + £(£+1) - F (F+l)
The quadrupole- moment 1Q* o f  th e  n u c le u s  i s  d e f in e d
Q = |  <JJ|I Q°CV|JJ>
n
In  te rm s o f  th e  p o s i t i o n  c o o rd in a te  r ^  o f  th e  n th  nuc leon
|i|i> = A -a^ |n£,I> + a |n '£ " ,I'> (6 .5 )
where the admixture c o e ff ic ie n t  ra* in f ir s t  order perturbation theory 
i s ,
a = < n ' J T , I ' |  f t  > M > ^ / C V ' V ' ^ i u ' V j T 5
I f  th e  p e r t u r b a t i o n  f(_, i s  t h e  e l e c t r i c  q uad rupo le  i n t e r a c t i o n  
th e n  we have a n o n -z e ro  m a tr ix  e lem en t
<n' 1-2, 2+ 1 / £ q |iU ,0 +>
In  g e n e r a l ,  t h i s  can be w r i t t e n  as
I'+i'
(6 .6 )
Q*
I ^20 £'£2^
/ 2 £ '+ l 000V. ✓ 000 V. Ji e 2Q < n " £ ' | r ‘ 3 |n £ > ( - l )
(E r ic k so n  and Scheck 1970). The i n t r i n s i c  quadrupo le  moment Q can be 
o b ta in e d  from th e  e x p e r im e n ta l  v a lu e  o f  Coulomb e x c i t a t i o n  c r o s s - s e c t i o n ,  
B(E2) u s in g
Q = / 1 6 tt x B(E2) f o r  I=0+ , I '= 2 +
The m a t r ix  e lem en t < n ' Z ' | r ~ 3 |n£> u s in g  n o n - r e l a t i v i s t i c  po in t-C oulom b 
w a v e - fu n c t io n s  i s
'22Z31
0
(n -2 )n ~3nn ~5 / ( 2 n - 5 ) !
(n-1) 2n-4 ^  (2n- ^  !
f o r  n^ = n - 2 ,  V  = n -2  and £ = n-1 
where
’y ’ b e in g  th e  k ao n -n u c leu s  red u ce s  mass. N e g le c t in g  th e  s t r o n g
a Q = ft2/ y e 2
i n t e r a c t i o n  q u ad ru p o le  e f f e c t s ,  th e  adm ix tu re  c o e f f i c i e n t  f o r  th e  0+ -»■ 2+
nuclear ex c ita tio n  i s ,
} e 2Q 4 #  * 0 1 ) / ( 2 i + l )  (2)1-1)
< n " £" |r" 3 |h^> ( 6 .7 )
This q u a n t i t y  i s  e x p e c te d  to  be sm a l l  b u t  s in c e  t h e  w id th  o f  th e  low er
l e v e l  i s  u s u a l l y  103 -  105 t im e s  g r e a t e r  th a n  th e  up p er  l e v e l ,  a sm all
adm ix tu re  w i l l  make p ronounced  e f f e c t  on th e  i n t e n s i t y  o f  e m i t t e d  X -ray .
The a t t e n u a t i o n  i n  th e  i n t e n s i t y  o f  6h 5g l i n e  measured by
B a t ty  e t  a l  (1977) i n  th e  c a se  o f  K~ -  Sn122 i s  s tu d i e d  h e r e ,  f o r  th e
pu rp o se  o f  i l l u s t r a t i o n .  The r a t i o  o f  y i e l d s  Y ^ ^ ’ tS n122) and Y^6* ^ ’ (S n118*7)
d e f in e d  as  R has  been o b se rv ed  t o  be 
Y
R = 0 .619  ± 0 .149
Y
A v a lu e
R = 0 .585  ± 0.149 
Y
i s  o b ta in e d  a f t e r  making c o r r e c t i o n  f o r  i s o to p e  i m p u r i t i e s .
In  o rd e r  to  c a l c u l a t e  t h e o r e t i c a l  y i e l d  f o r  th e  r e s o n a n t  i s o to p e
we a r e  i n  need to  in c lu d e  th e  enhancement e f f e c t  on The in d u c e d
w id th  f o r  th e  6h l e v e l  can be w r i t t e n  as
T h e re fo re
cap .  .  0 . i n d .
6h " x6h 6h
In  o rd e r  to  c a l c u l a t e  and th e  en e rg y  denom inato r  i n  e q u a t io n  (6 .6 )  
we s o lv e  K lein-G ordon e q u a t io n  w i th  s t r o n g  i n t e r a c t i o n  p r o p o r t i o n a l  to
th e  n u c l e a r  d e n s i t y .  A Fermi d i s t r i b u t i o n  was u sed  w i th  ' c ’ and ’a 1
p a ra m e te rs  o b ta in e d  from r e l a t i o n s  (C o H ard  e t  a l  1967)
_L
c = 1 .18  A3 -  0 .4 8
a 7T /  7 7
The r . m . s .  r a d i i ,  / < r 2> f o r  Sn118, Sn122 a r e  eq u a l  to  4 .634  ± 0 .005  fms. 
r e s p e c t i v e l y  (F icen ec  e t  a l  1972).
Using an a v e ra g e  v a lu e  o f  s c a t t e r i n g  le n g th  (0 .44  + 0 . 8 3 \ ) ,  t h e  
v a lu e s  o f  w id th s  and y i e l d s  f o r  r e s o n a n t  i s o to p e  Sn122 and n a t u r a l  
Sn118,7 a r e  g iven  i n  t a b l e  ( 6 - 3 ) .  The p ro x im i ty  o f  d e - e x c i t a t i o n  ene rgy  
6h -+• 4 f  ( i . e .  1 1 0 3 -  616 KeV) and EQ+ -> E2+ ( i . e .  1140 KeV) [ F i g . 6 -2]  
in d u c e s  a w id th  | a | 2 t o  T ^ .  The v a lu e  o f  *af found from (6 .7 )  i s
2 .28  x 10~2 . The c a l c u l a t e d  v a lu e  o f  R^ i s  g iv en  in  t h e  t a b l e  ( 6 - 3 ) .  
T h is  v a lu e  does n o t  c o n ta in  th e  c o r r e c t i o n  f o r  t h e  r e s o n a n t  c o n s t i t u e n t s  
o f  n a t u r a l  t i n .
F igu re  6 -2
/ \
1140 MeV 1103.6 403 .97  KeV
745.136 KeV
4 f
5 .1 .  Width 
(5g+4f)
E.M. Width 
(5h**5g)
5 .1 .  Width 
(6h)
Y ie ld
(6h)
[no mixing]
Y ie ld  (6h) 
[mixed s t a t e s ]
TABLE 6-3 
122Sn
81.03 KeV 
0.009569 KeV 
0.0265 KeV 
0.2653
5 .2  x 10"V  
0.1224
0.448
118 * 7Sn 
81 .13  KeV
0.009661 KeV
0.0257 KeV
0.2732
r r a d
Y6 ^5 ^ iaSn:) = 6h 
(mixed s t a t e s )  r 6 ^ + r6^S+ la
R =
Y6^5 ( 118- 7S^
| 2r abs
1 4 f
CHAPTER 7
RESULTS AND DISCUSSION
7 .1  E q u iv a le n t  l o c a l  form o f  SOP w ith  F erm i-gas  c o r r e l a t i o n s
In  o r d e r  t o  u se  th e  e x p re s s io n  (5 .9 )  f o r  t h e  second o r d e r  o p t i c a l  
p o t e n t i a l  i n  th e  K lein-G ordon e q u a t io n ,  we d e f in e  i t s  e q u iv a le n t  l o c a l  
form a s ,
U(2l  . ( r )  = e " 1^ -op t.E L  -
(2) i k . r '
By making u se  o f  r e l a t i o n s  (5.9 5.77 )> we &et
U(2)Opt.EL -( r )  - .A(A-l)
f2TTh2) rA0+3Al
P(r)
ikR
p (R+r) e 1- 0’- C2 (k^R) §- ° d 3RF v R 
(7 .1 )
where
R = r " - r
The d e n s i t y  p(R+r) can  be expanded a s ,
p(R+r) = p ( r )  + R • V p ( r )  + l - .JQ. p ( r )  + . . .
"  21
In  o r d e r  t o  o b ta in  a  s p h e r i c a l l y  sym m etric p o t e n t i a l  we ta k e
th e  d i r e c t i o n a l  av e ra g e  o f  th e  above e x p an s io n .  To second o r d e r  i n  R2 ,
t h i s  g iv e s
(4tt) -1 p(R+r) dfl J  P W  + R V
so t h a t  t h e r e  a r e  two c o n t r i b u t i o n s  f o r  t h e  e q u iv a le n t  l o c a l  o p t i c a l  
p o t e n t i a l .
( 2). P2 ( r )( r )  = K ^ 4 ^ -
Opt.ELI o
F ( k , r )  dR (7 .2 )
and
(r)Opt.EL2 = K p ( r )
V2p ( r )  
6 ik
R2 F(k,R)dR (7 .3 )
where
TT^ h^
k =
F(k.R) =
A0+3A1
( k R ) 2
sinfkpR J
kpR
- cos k-RF
In  th e  above e q u a t io n s
k = /2p (E ^  -EN-V )/fi2
. 2ikR (e o -1)
The dependence on V has been in c lu d e d  in  o r d e r  to  make th e  o p t i c a l  
p o t e n t i a l  a p p ro x im a te ly  s e l f - c o n s i s t e n t .  In  p r i n c i p l e  V sh o u ld  be 
th e  f u l l  o p t i c a l  p o t e n t i a l .  But i n  view o f  t h e  more s e v e re  a p p ro x im a tio n s  
in c lu d e d  i n  th e  fo rm alism , i t  sh o u ld  be s u f f i c i e n t  t o  ta k e  some av e ra g e  
v a lu e  o f  th e  p o t e n t i a l  e x p e r ie n c e d  by th e  kaon d u r in g  i t s  p r o p a g a t io n  
betw een s u c c e s s iv e  c o l l i s i o n s .
The second  o r d e r  o p t i c a l  p o t e n t i a l  o b ta in e d  from e q u a t io n  (7 .2 )  and 
( 7 .3 ) ,  a lo n g  w i th  th e  f i r s t  o r d e r  p o t e n t i a l ,  i s  p l o t t e d  i n  th e  f i g u r e  1( 7 - 1 ) .  
The s h i f t s  and w id th s  o f  k ao n ic  atom s, p roduced  by t h i s  p o t e n t i a l  a r e  
v e ry  s e n s i t i v e  tow ards  th e  in p u t  q u a n t i t i e s .
In  t a b l e  ( 7 - 1 ) ,  we have compared t h e  r e s u l t s  f o r  s h i f t s  and w id th s  
i n  th e  case  o f  th e  K~-C12, 2p s t a t e ,  by u s in g  t h e  f i r s t  o r d e r  o p t i c a l  
p o t e n t i a l  and th e  com ple te  p o t e n t i a l  from e q u a t io n s  ( 3 .2 2 ) ,  ( 7 .2 )  and ( 7 . 3 ) .  
As e x p e c te d ,  t h e r e  i s  a d e c re a s e  i n  th e  w id th  when th e  second  o r d e r  p o t e n t i a l  
i s  in c lu d e d .
In  th e  same t a b l e ,  th e  e f f e c t  o f  i n c r e a s in g  th e  av e ra g e  e x c i t a t i o n  
energy  i s  a l s o  s tu d i e d .  The s h i f t s  and th e  w id th s  i n  this c a se  a r e  s een
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TABLE 7-1
FOP r e s u l t s
Sc. Am plitude (Fms) No. SHIFT (KeV) WIDTH (KeV;
(0 .6 7 1 ,1 .0 4 ) I 0.7167 1.627
(0 .8 6 5 ,0 .8 8 4 ) I I 0.6926 1.733
(0 .9 4 3 ,1 .0 1 3 ) I I I 0.7252 1.898
(FOP+SOP) r e s u l t s :  E = 1 5 .0 , V = ( 0 .0 ,0 .0 )
No. Sc .A m plitude 
£ (Fms)
c i f g + i t p SHIFT (KeV) WIDTH (KeV)
I (0 .6 7 1 ,1 .0 4 ) ( -0 .5 1 3 ,3 .1 0 5 ) 0.2314 1.295
I I (0 .8 6 5 ,0 .8 8 4 ) ( - 0 .2 2 3 ,2 .9 ) 0 .38 0 .9419
I I I (0 .9 4 3 ,1 .0 1 3 ) ( - .5 5 ,3 .9 2 ) 0.1898 0 .150
(FOP+SOP) r e s u l t s :  Sc. Amplitude I I
V (MeV) E (MeV) SHIFT (KeV) WIDTH (KeV)
( 0 .0 , 0 .0 )
i
10 0.34 0 .72
15 0 .38 0 .94
20 0.40 1.07
30 0 .43 1.24
( - 3 0 .0 , - 3 0 .0 ) 10 0.45 2 .72
15 0 .3 8 2 .73
20 0.29 2 .698
30 0.14 2 .42
I - B.R. M artin  s c .  l e n g th  e x t r a p o l a t e d  to  -30 MeV
I I - A.D. M artin  sc . le n g th  a t  th r e s h o l d  e x t r a p o l a t e d  to  -30  MeV
I I I - A.D. M artin  sc . l e n g th  a t  -10 MeV e x t r a p o l a t e d  to -30 MeV
TABLE 7 -2
(FOP+SOP) r e s u l t s
A.D. M ar t in  s c .  am p li tu d e s  a t  t h r e s h o l d  e x t r a p o la t e d  to  -30 MeV
E (MeV)
15.0
30 .0
30.0
V (MeV)
( - 0 . 5 , - 0 . 5 )  
( - 2 . 5 , - 2 . 5) 
( - 5 . 0 , - 5 . 0 )  
( - 10 . 0 , - 10 . 0) 
( - 1 5 .0 , - 1 5 .0 )  
( - 2 5 .0 , - 2 5 .0 )  
( - 5 0 .0 , - 5 0 .0 )  
( - 0 . 5 , - 0 . 5 )  
( - 2 . 5 , - 2 . 5) 
( - 5 . 0 , - 5 . 0 )  
( - 10 . 0 , - 10 . 0) 
( - 1 5 .0 , - 1 5 .0 )  
( - 2 5 .0 , - 2 5 .0 )  
( - 5 0 .0 , - 5 0 .0 )  
( - 2 5 .0 , - 5 0 .0 )  
( - 1 0 .0 , - 5 0 .0 )  
(+ 1 0 .0 , -5 0 .0 )  
(+ 2 5 .0 , -5 0 .0 )
SHIFT (KeV)
0.36
0.26
0.04
-0 .5804
-0 .2247
0 .3
0 .49
0.4336
0.4049
0.3582
0.2189
0.041
0.0162
0.4146
0.209
0.3035
0.3673
0.4143
WIDTH (KeV)
0.91
0 .79
0 .7
1.1712
3.054
2. 88
2.38
1.229
1.203
1.174
1.173
1.376
2 .233
2 .368
2.094
1 .873
1.698
1.644
to  i n c r e a s e  sm ooth ly  w i th  t h e  i n c r e a s e  o f  E. For a g r e a t e r  av e rag e  
p o t e n t i a l  V, t h e  same range  o f  E p roduces  s i g n i f i c a n t l y  l a r g e r  w id th s .  
In  t a b l e  (7 -2 )  we have u se d  A.D. M a r t in ’ s (1976) am p li tu d e  t o  s tu d y  t h e  
consequence o f  chang ing  V betw een ( - 0 . 5 , - 0 . 5 )  t o  ( - 5 0 .0 , - 5 0 .0 )  f o r  
d i f f e r e n t  c h o ic e s  o f  E. For b o th  E=15 and E=30, t h e  i n c r e a s e  i n  V 
f i r s t  causes  a  d e c re a s e  i n  t h e  s h i f t  and t h e  w id th ,  b u t  f o r  v e ry  deep 
p o t e n t i a l  t h e s e  v a lu e s  s t a r t  i n c r e a s i n g  a g a in .  The change in  th e  s ig n  
o f  th e  r e a l  p a r t  o f  V makes r e l a t i v e l y  l e s s  e f f e c t  on th e  s h i f t s .
7 .2  K -C 12 Second O rder O p t ic a l  p o t e n t i a l  w i th  Harmonic O s c i l l a t o r  
Wave F u n c tio n s
We have used  th e  p o t e n t i a l  o f  e q u a t io n  (5 .23 )  to  s tu d y  t h e  2 p - s t a t e  
i n  K -C 12. Because o f  th e  Clebsch-G ordon c o e f f i c i e n t s ,  t h e  summations 
over  £1 ,&2 > j i j j 2 r e s t r i c t  th e  v a lu e s  o f  L,Lq to  th o s e  g iv e n  in  th e  
fo l lo w in g  t a b l e :
*1 *2 h h L L
0 0 lh 0 1
1 0 3/2 1 0
1 0 3/2 v2 1 2
0 1 0
0 v2 \ 1 2
1 3/2 3/2 0 1
1 3/2 34 2 1
T 1 3/^ 3/2 2 3
The r a d i a l  i n t e g r a l s  I ^ ( r )  a p p e a r in g  i n  e q u a t io n  (5 .2 3 )  can  now
be w r i t t e n  i n  d e t a i l  a s ,
TLo . .. 
I q i W
k ~  Ri s  Ri p M  
u 2 i W
0
RJ p ( r ' )  Rl s (r ' )  SL ( r , r ' )  u 2 1 ( r ' ) r ' 2 d r '
(7 .5 )
r l ° f  •, 
X10(r)
k + R * p ( r )  Rl s ( r )
U2 1 W
Rf s ( r ' ) Rl p ( r ' ) g £ j r , r ' ) u 2 1 ( r ' ) r ' 2 d r '
(7 .6 )
t L° r  i 
11 ^
kU| Rl p ! 2
u 2 i ( r ) | Rl p ( r ' ) | 2 gI ° ( r , r ' ) u , 1 ( r ' ) r ' 2d r '  ( 7 .7 )21
where
k° = /2p  E. / h 2
So
k "  =  2P /Ek0' ( £ lP*£ls:i/fl2
k+ = ^  ^ k 0 ' (El s - El p ^ ft2
In  th e  e v a l u a t i o n  o f  th e  above i n t e g r a l s ,  we have u sed  t h e  harm onic  
o s c i l l a t o r  s i n g l e  p a r t i c l e  w a v e -fu n c t io n s
i
Ri s ( r )  = 2
4 - r 2/ 2 a 2e
Wa6'
Ri p ( r )  = 2
•9-na10
r e - r 2/ 2 a 2
w ith
2 _ 4+6b < r2> . -u _ A/-7
6+15b ’ /
This  g iv e s  th e  n u c l e a r  d e n s i t y  f o r  C12
C12(r ) = 4 f - 1 1
2
‘-rra2 -
The p o t e n t i a l  g iven  by e q u a t io n s ,  ( 5 .2 3 ) ,  ( 7 .4 ) ,  ( 7 . 5 ) , ( 7 . 6 )  and (7 .7 )
can be made a p p ro x im a te ly  ’s e l f - c o n s i s t e n t ’ , by m odify ing  t h e  wave- 
numbers k ^ ,  k” and k + a s ,
k °  =  / 2 y ( E  - V ) / t i 2
£o
k- = /2p[Ev ( E lp- £ l s ) - V ] / h 2
k + = ? 2 , LE!So- ( e l s - e l p ) -V ] / f t -
The shape o f  th e  second o r d e r  p o t e n t i a l  i n  t h i s  approach  ( F i g . 7 -2) 
i s  s i g n i f i c a n t l y  d i f f e r e n t  from th e  p o t e n t i a l  o b ta in e d  by u s in g  t h e  Fermi 
gas c o r r e l a t i o n s .  The r e s u l t a n t  p o t e n t i a l  has  a n e g a t iv e  im a g in a ry  p a r t  
u n l i k e  th e  p re v io u s  c a se  where i t  was p o s i t i v e  n e a r  th e  s u r f a c e .  
C onsequen tly  th e  d e c re a s e  i n  th e  w id th  i s  n o t  s u b s t a n t i a l .  For th e  
d i f f e r e n t  c h o ice s  o f  th e  s c a t t e r i n g  a m p l i tu d e s ,  we have shown th e  
k a o n i c - s h i f t s  and w id th s  i n  th e  t a b l e  ( 7 .3 ) .  I t  i s  ob se rv ed  t h a t  t h e  
v a r i a t i o n  o f  V in  th e  range  ( - 0 . 5 , - 0 . 5 )  to  ( - 5 0 .0 , - 5 0 .0 )  cau se s  0.5% 
o r  l e s s  change i n  th e  v a lu e s  o f  t h e  s h i f t s  and t h e  w id th s . As seen  
from t a b l e  ( 7 - 4 ) ,  i f  i n s t e a d  o f  u s in g  s i n g l e  p a r t i c l e  e n e r g i e s  
e i s , we u se  an average  e x c i t a t i o n  energy  E ( c lo s u r e  a p p x . ) ,  th e
r e s u l t s  i n  th e  ran g e  10 MeV to  30 MeV show l i t t l e  v a r i a t i o n .
7 .3  C onc lus ions
The c a l c u l a t i o n s  done i n  t h i s  work s u b s t a n t i a t e  t h e  c la im  t h a t  
i t  i s  e x t re m e ly  n e c e s s a r y  to  have a r e l i a b l e  i n p u t  am p li tu d e  f o r  th e  
k ao n -n u c leo n  i n t e r a c t i o n  i n  o rd e r  t o  a c h iev e  t h e  o b j e c t i v e  o f  d e r i v i n g  
n u c l e a r  p h y s ic s  in fo rm a t io n  from k ao n ic  atom s. The s c a t t e r i n g  a m p li tu d e s  
w ith  a n a l y t i c i t y  c o n s t r a i n s  c o n s t i t u t e  a m ajor improvement i n  t h i s  
r e s p e c t  b u t  th e  in fo rm a t io n  from o th e r  so u rc e s  such as k ao n ic -h y d ro g e n
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TABLE 7 -3
Sc-A m plitude
(Fms)
0 .6 7 1 + 1 .0 4 i
0 .8 6 5 + 0 .884i
0 .9 4 3 + 1 .013i
1 .0 0 5 + 1 .177i
1 .0 3 9 + 1 .448 i
No.
I
I I
I I I
IV
V
SHIFT (KeV)
0.7752
0.7441
0.7673
0 .707
0.8147
WIDTH (KeV)
1 .575
1.617
1.667
1.670
1.878
S c a t t e r i n g  Am plitude It
V (MeV) SHIFT (KeV)
( - 0 . 5 , - 0 . 5 )  0 .7436
C - 2 .5 , - 2 .5 )  0.741
( - 5 , - 5 )  0 .7 3 7 4
( -1 0 ,-1 0 )  0 .7297
C-1 5 ,-1 5 )  0 .7219
( -2 5 ,-2 5 )  0 .707
( -5 0 ,-5 0 )  0 .6927
WIDTH (KeV) 
1 .616 
1 .61 
1.605
1.599 
1 .597
1.599 
1.631
I -  B.R. M artin s c .  le n g th  e x t r a p o l a t e d  t o  -30 MeV
I I -  A.D. M artin s c .  le n g th  a t  th r e s h o l d  e x t r a p o la t e d  to  -30 MeV
I I I - A.D. M artin s c .  l e n g th  f o r  -10 MeV e x t r a p o l a t e d  t o  -30 MeV
IV - A.D. M artin s c .  le n g th  f o r  -30 MeV e x t r a p o l a t e d  to  -30 MeV
V - A.D. M artin s c .  le n g th  f o r  -30 MeV e x t r a p o la t e d  t o  -30 MeV
TABLE 7 -4
C losu re  A pproxim ation
A.D. M artin  s c .  le n g th  a t  t h r e s h o l d  e x t r a p o la t e d  t o  -30 MeV
E (MeV) V (MeV) SHIFT (KeV) WIDTH (KeV)
10 (0 ,0 )  0 .7421 1.635
15 (0 ,0 )  0 .7415 1.641
20 (0 ,0 )  0.7409 1.647
25 C0,0) 0.7405 1.652
30 (0 ,0 )  0 .7401 1.656
15 ( - 0 . 5 , - 0 . 5 )  0.7412 1.640
15 . ( - 2 . 5 , - 2 . 5 )  0 .7401 1.637
15 ( - 5 . 0 , - 5 . 0 )  0 .7386 1.634
15 ( - 1 0 .0 , - 1 0 .0 )  0 .7345 1 .627
15 ( - 1 5 .0 , - 1 5 .0 )  0 .7295 1.621
15 ( - 2 5 .0 , - 2 5 .0 )  V • 0 .718 1.616
15 ( - 5 0 .0 , - 5 0 .0 )  0 .6297 1.631
sh o u ld  a l s o  be  e x p l o i t e d  t o  a s c e r t a i n  t h e  a c c u ra c y  o f  th e  v a lu e s  o b ta in e d
*
from low energy  s c a t t e r i n g  a n a l y s e s .  The q u e s t io n  o f  th e  dynamics 
i s  p a r t i a l l y  covered  by  t h e  IT, \T dependence in  t h e  second  o r d e r  p o t e n t i a l ,  
however t h i s  i s  n o t  ad e q u a te .  We have p la c e d  th e  main em phasis .on  th e  
p ro c e s s e s  in v o lv in g  two n u c le o n s ,  which r e q u i r e  t h e  u se  o f  t h e  tw o-nuc leon  
c o r r e l a t i o n  f u n c t i o n s .  Such c o n s i d e r a t i o n s ,  on th e  one hand p r o v id e  an 
im p o r ta n t  c o r r e c t i o n  f o r  th e  in - th e -m ed iu m  t - m a t r i x  as a  consequence o f  
th e  P a u l i  b lo c k in g  e f f e c t  and on th e  o th e r  hand a f f o r d  a  s t r a i g h t f o r w a r d  
way o f  i n c lu d in g  tw o -n u c leo n  a b s o r p t io n s  i n  te rm s o f  t h e  o p t i c a l  p o t e n t i a l .  
The com parison  o f  th e  r e s u l t s  o b ta in e d  by u s in g  an o p t i c a l  p o t e n t i a l  
in v o lv in g  F erm i-gas  c o r r e l a t i o n s  w i th  th o s e  o b ta in e d  by  u s in g  s h e l l -m o d e l  
wave fu n c t io n s  shows t h a t  t h e i r  g e n e ra l  c h a r a c t e r i s t i c s  a r e  s i m i l a r .
However th e  m agnitude o f  th e  s h i f t s  and th e  w id th s  a r e  m arkedly  d i f f e r e n t .  
T h is  c a s t s  doub ts  abou t th e  use  o f  p la n e  waves in  c o n ju n c t io n  w ith  th e  
c l o s u r e  a p p ro x im a tio n .  The second o rd e r  p o t e n t i a l  in v o lv in g  s i n g l e  
p a r t i c l e  e n e rg ie s  o f  th e  n u c leo n s  i s  t h e  p r e f e r r e d  t o o l  f o r  check ing  
c l o s u r e  ap p ro x im a tio n .  The r e s u l t s  show t h a t  i t  i s  a f a i r l y  a c c e p ta b l e  
a p p ro x im a tio n ,  f o r  e q u iv a le n t  l o c a l  p o t e n t i a l s ,  as u sed  in  t h i s  work.
The u se  o f  th e  f u l l  n o n - lo c a l  o p t i c a l  p o t e n t i a l  can be made by p e r fo rm in g  
coup led  channe l c a l c u l a t i o n s  b u t  t h i s  has  n o t  been a t te m p te d .
FIGURE CAPTIONS
1-1 The n u c l e a r  a b s o r p t i o n  p r o b a b i l i t y  o f  a tom ic  kaons i n  K~-S32
3-1
3-2
3-3
due to  th e  i n t e r a c t i o n  -  •
u
where __
A = 0 .56  + 0 .6 9 i
2yh2 f, mK
1 + ^ ! p ( r )  A
and
The n u c l e a r  d e n s i t y  f o r  c= 3 .2 0 ,  a=0.59  i s  a l s o  shown,
p ( r )  = PQ/ ( 1  + e x p ( r - c ) / a )
1-2  T o ta l  c r o s s - s e c t i o n s  f o r  th e  K”-p  i n t e r a c t i o n  l e a d in g  t o  d i f f e r e n t
f i n a l  s t a t e s  a r e  p l o t t e d  f o r  th e  i n c i d e n t  l a b .  momentum o f  kaons 
below 250 MeV/c.
1-3  Top: The v a r i a t i o n  o f  th e  i n t e n s i t y  o f  l a s t  ob se rv ed  X -rays  p e r
s to p p ed  kaon i s  shown as a  f u n c t io n  o f  th e  a tom ic  number.
Bottom: Y ie ld  o f  (3d+2p) and (4f-K5d) t r a n s i t i o n s  v e r s u s  a tom ic  
number ( d a ta  from Wiegand and G odfrey (1 9 7 4 )) .
1-4 The c o m p e t i t io n  o f  r a d i a t i v e  t r a n s i t i o n s  and n u c l e a r  a b s o r p t io n  
p r o b a b i l i t i e s  i n  d i f f e r e n t  k ao n ic  atoms.
2-1 The KN s c a t t e r i n g  le n g th s  o b ta in e d  in  v a r io u s  a n a ly s e s  a r e  
e x t r a p o l a t e d  below th e  e l a s t i c  th r e s h o l d .  The v e r t i c a l  l i n e s  
show c e n t r e -o f -m a s s  e n e rg ie s  c o r re s p o n d in g  to
m + m^o = 1437.24 MeVn Ku
m + k„-  = 1432 MeV
P K
m + nu- = 1433.24 MeVn K
The e x i s t i n g  d a t a  on s h i f t s ,  w id th s  and y i e l d s  i n  k a o n ic  a tom s, 
th ro u g h o u t  t h e  p e r i o d i c  t a b l e  a r e  f i t t e d  w i th  t h e  h e lp  o f  a l o c a l  
o p t i c a l  p o t e n t i a l  p r o p o r t i o n a l  t o  th e  n u c l e a r  d e n s i t y  (from B a t ty  
e t  a l  1979)
3-4 The i n t e r f e r e n c e  o f  r e a l  and  im ag in a ry  p a r t s  o f  t h e  f i r s t  o rd e r
o p t i c a l  p o t e n t i a l  i s  e x h i b i t e d  by p l o t t i n g  th e  s h i f t s  and w id th s  
f o r  a  range  o f  Im X  ( 0 - ^ 2 .  fms) u s in g  t h r e e  d i f f e r e n t  v a lu e s  o f  Re A
3-5 S im i la r  t o  f i g . 3 -4 ,  e x c e p t  t h a t  t h e  Im A i s  f ix e d  and Re A i s  v a r i e d
from - 1 .  t o  +1 fms
3-6 The 2p s t a t e  i n  K~-C12 i s  s tu d i e d  by  u s in g  d i f f e r e n t  forms o f  t h e  
n u c l e a r  d e n s i t y .  The d e n s i t i e s  (n o rm a l ise d  t o Z o r l T )  a r e  p l o t t e d  
a s  a  f u n c t io n  o f  th e  d i s t a n c e  from th e  c e n t r e  o f  t h e  n u c le u s .
4-1 U sing a G aussian  p o t e n t i a l  f o r  th e  kaon -nuc leon  i n t e r a c t i o n ,  th e  
d ep th s  o f  th e  k a o n -p ro to n  and k ao n -n e u tro n  p o t e n t i a l s  a r e  p l o t t e d  
as  a f u n c t io n  o f  th e  ran g e  3
4-2  The s c a t t e r i n g  am p li tu d es  a t  f ix e d  momenta i n  th e  v i c i n i t y  o f  th e
Yq ( 1405) re so n a n c e  a re  used  to  c a l c u l a t e  s h i f t s  and w id th s  f o r  
K~-S32, 3d s t a t e .  The s c a t t e r i n g  le n g th s  a re  ta k e n  from th e  
f o l lo w in g  r e f e r e n c e s  
BRM -  B.R. M artin  (1969)
ADM(O) -  A.D. M artin  (1976) [ th r e s h o ld  v a lu e ]
ADM(-20) -  A.D. M artin  (1976) [va lue  a t  -20 MeV]
ADM(-30) -  A.D. M artin  (1976) [va lue  a t  -30 MeV]
6-1 Top: The r a t i o  o f  th e  p r o b a b i l i t y  d e n s i t y  o f  t h e  k ao n ic  2 p - s t a t e
in  K”-C 12, w i th  and w i th o u t  t h e  s t r o n g  i n t e r a c t i o n .
Bottom: The p r o b a b i l i t y  d e n s i t y  a t  sm all  d i s t a n c e s  from t h e  c e n t r e
o f  th e  n u c le u s  i n  th e  p r e s e n c e  o f  Coulomb i n t e r a c t i o n ,  |U | 2 and 
i n  th e  p r e s e n c e  o f  Coulomb + s t r o n g  i n t e r a c t i o n  |Uc + g | 2
The r a d i a t i v e  t r a n s i t i o n  en e rg y  f o r  (6h-»4f) t r a n s i t i o n  i n  K~-Sn122
+ +and n u c l e a r  e x c i t a t i o n  energy  f o r  0 -±2 a r e  compared
The f i r s t  o r d e r  o p t i c a l  p o t e n t i a l  (FOP) f o r  K~-C12 which i s  
p r o p o r t i o n a l  to  t h e  n u c l e a r  d e n s i t y  (2 -p a ra m e te r  Fermi d i s t r i b u t i o n  
i n  t h i s  c a se )  i s  compared w i th  th e  second o r d e r  o p t i c a l  p o t e n t i a l  
(SOP) o b ta in e d  by  u s in g  F erm i-gas  c o r r e l a t i o n s .  The av e ra g e  v a lu e  
o f  th e  e x c i t a t i o n  energy  E* i s  ta k e n  as 15 MeV. The v a lu e  o f  t h e  
av e ra g e  p o t e n t i a l  V  i s  assumed to  be z e ro .  The in p u t  am p li tu d e  
i s  (0 .865  + 0 .8 8 4 i )  o b ta in e d  by  e x t r a p o l a t i n g  t h e  t h r e s h o l d  v a lu e  
o f  M artin  (1976) s c a t t e r i n g  l e n g t h , t o  -30  MeV. The s q u a re  o f  
t h i s  am p li tu d e  ( i . e .  [J7' + |  f 2 j) (_o.223 + 2 . 9 i )
Same as f i g . 7-1 ex ce p t  t h a t  t h e  P a u l i  c o r r e l a t i o n  f u n c t i o n  i s  
o b ta in e d  by  u s in g  harm onic o s c i l l a t o r  wave fu n c t io n s
SOP o f  f i g . 7-2 i s  p l o t t e d  f o r  d i f f e r e n t .v a lu e s  o f  V ( i . e .  t h e  
av e rag e  p o t e n t i a l  in c lu d e d  i n  th e  p ro p a g a to r  t o  r e p r e s e n t  
a p p ro x im a te ly  th e  s e l f - c o n s i s t e n t  p o t e n t i a l )
APPENDIX I
THE NUMERICAL SOLUTION OF THE KLEIN-GORDON EQUATION FOR A SINGLE 
PARTICLE IN A CENTRAL POTENTIAL
The r a d i a l  p a r t  o f  e q u a t io n  (1 .3 )  can be w r i t t e n  as
d2  ^ . r £ (& + l) - (Z a )2 , 2 (2 a )E . r r ? ?v o ^  n—  X ^ M .  +  V  ,  +  “ T "  +  - y  )  -  2y V N ]  ( r )  =  0
d r 2 r 2
where ’E' i s  th e  unknown e n e rg y  and o th e r  symbols have u s u a l  m ean ings . 
We r e  r i t e  t h i s  e q u a t io n  i n  t h e  form,
d2
d r 2
- f ( r )  u ( r )  = _E2 _ 2(ZoQE u ( r ) (I-ID
where u ( r )  = ^ ^ ( t )  i s  th e  e x a c t  w a v e - fu n c t io n  c o r re sp o n d in g  to  th e  
e ig e n v a lu e  ’E ' ,  and
c r  \ A &(£+l ) - ( Z a ) 2 2 j. o vf ( r )  = + —----- -— — — + V- + 2yV.N
Suppose v ( r )  i s  t h e  e x a c t  s o l u t i o n  f o r  th e  energy  E1 , th e n
d 2 -  f ( r )
Ld r '
v ( r )  = -E i 2 2(ZtX)E~ v ( r ) (1 . 2)
By m u l t ip ly in g  e q . (1 .1 )  w ith  v ( r )  and e q . (1 .2 )  w i th  u ( r )  and s u b t r a c t i n g ,  
we g e t
v ( r )  d f u W ,  .  u ( r J  d ^ v j r i
d r 2 d r 2
= (E1 -  E2) [ u (r D v (r ) ]  -  (E-Ei )K u ( r ) v
where
K = 2 (Za)
By i n t e g r a t i n g  t h i s  e q u a t io n  from ’a ! t o  ’b 1
v ( r ) d u ( r )d r
dv ( r )
-  u t t )  " d r = (E1 -E 2) u ( r )  v ( r ) d r  -  (E-E^)K
u ( r )  v ( r )  d r  
r
( 1 . 3 )
The s o l u t i o n s  v ( r )  can be o b ta in e d  from e q . ( 1 .2 )  f o r  some known energy
E1 . The i n t e g r a t i o n  o f  e q . ( 1 .2 )  from z e ro  to  a c e r t a i n  m a tch ing  r a d iu s
r ffi w i l l  g iv e  V j ( r )  and from i n f i n i t y  to  r m ( inw ards)  w i l l  g iv e  v x ( r )  . The
i t e r a t i v e  p ro c e d u re  w i l l  s u c c e s s iv e l y  red u ce  th e  mismatch o f  v T and v v a t  rI X m
by m odify ing  E1 u n t i l  t h e  e x a c t  energy  ’E ’ i s  o b ta in e d  and v T( r  ) = v „ f r  ) .I m Xv nr
I f  we assume t h a t  th e  b e h a v io u r  o f  u ( r )  f o r  sm a l l  and l a r g e  v a lu e s  
o f  ' r '  i s  known and a l s o
u ( r )  -  u T ( r )  f o r  0 £ r  < r  '  I m
u ( r )  = uY(r )  f o r  r  > r m
th e n  by s e t t i n g  a=0, b =rm in  e q . ( 1 . 3 ) ,  we g e t
rrm
(E1 -E 2) Uj ( r )  V j ( r ) d r  - K(E-EX)
■m U j( r )  V j( r )
d r
v T(r )
d u j ( r )
d r - u T( r)
dVj ( r ) i
dr
r = rm (1 .4 )
( s in c e  V j ( 0 ) = 0 ,  U j ( 0 ) = 0 )
Also f o r  a-=tm; b=°°, e q u a t io n  (1 .3 )  g iv es
■i 2 9
(E- -E 2) ux ( r )  v x ( r ) d r  -  K(E-EX) ux (r )  v x O )  d r / r
m m
u Y(r )
dvx ( r )
d r -  Vv ( r )
dux (r) -
d r
r = r m (1 .5 )
( s in c e  u x ( r )  0, vx (r ) +  0 f o r  r  ®)
We d iv id e  e q . ( 1 . 4 )  by v ^ ( r m) and e q . (1 .5 )  by  ^ ( r ^ )  and th e n  
add to  g e t
(e i 2- e 2) — -
rrm rrm
u r ( r )  V j ( r ) d r  -  K(E-E1) - )  .
I '■nr
Uj ( r )  Vj ( r )
d r
+ (E -E 2)
vx <rm)
m rrm
U v W  v ( r ) d r  -  KfE-E1) — y— r
* x vxcV
v x ( r )  ux
“ t y '  dvX(r) 
v Y(r )  d r
u (r in) d V j(r )  
v T( r )  d r
r = rm r = rm (1 . 6)
( s in c e  u , ( r  ) = u v ( r  ) = u ( r  ) V  I v nr X *■ nr  ^ nr
and du.
d r
du,
dr
r = r m r=rm )
Now we assume t h a t
UI ( r ) = Cj V j ( r )  
u x ( r )  = Cx vx (r)
u ( r  ) u ( r  )m m(This  means t h a t — ?— . = Cv , ■ —r— . = CT ) v v v ( r  ) XJ v T( r  ) I JX nr nr
E q u a t io n  ( 1 .6 ) ,  t h e r e f o r e ,  red u ces  t o
(E1 -E 2)
[v ? ( r j  ,
Vj(r)dr +
v ? ( r  ) ,
v ^ ( r ) d r
where
A1 =
_ i  - J .
Vj d r
j .  ^
vx d r r = r m
rr m
v ? ( r  )I v nr '
v 2d r  +
vXCrJ  J
v | d r
m
With l i t t l e  change in  th e  r a t e  o f  convergence , we can ig n o re  t h e  f i r s t
te rm  i n  eq. ( 1 .7 ) .  A b e t t e r  guess  f o r  th e  energy  ?E2 ’ i s  o b ta in e d  by
i 2 ir e p l a c i n g  i t  w ith  ’E + A !.  The i t e r a t i o n  c o n t in u e s  u n t i l
(E1+1) 2 -  (E1) 2 < e
where ’ e 1 i s  an a p p r e c ia b ly  sm all  number. The above p ro c e d u re  rem a ins  
v a l i d  when ’E* i s  a  complex en e rg y .  In  s o lv in g  e q . ( 1 .3 )  we have chosen 
th e  Bohr r a d iu s  o f  t h e  u n p e r tu rb e d  k a o n ic  bound s t a t e  as  fr  1 and th e  
u n p e r tu rb e d  energy  to  be E*. The c o r r e c t  e ig e n v a lu e  i s  o b ta in e d  w i th i n  
f i v e  i t e r a t i o n s  i n  most c a s e s .
APPENDIX I I
OCCUPATION NUMBER REPRESENTATION
An assem bly  o f  i d e n t i c a l  p a r t i c l e s  ( fe rm io n s  o r  bosons)  can b e s t  
be t r e a t e d  in  an ’o c c u p a t io n  number r e p r e s e n t a t i o n ’ i n  which i t  i s  o n ly  
n e c e s s a r y  to  l a b e l  th e  s t a t e s  and t o  know which s t a t e s  a r e  o c c u p ie d .  The 
p a r t i c l e s  a r e  n o t  l a b e l l e d  s in c e  i t  i s  s u p e r f lu o u s  t o  d e te rm in e  which o f  
t h e  p a r t i c l e s  i s  occupy ing  a  p a r t i c u l a r  s i n g l e  p a r t i c l e  s t a t e .  In  th e  
fo l lo w in g  we g iv e  some d e f i n i t i o n s  and n o t a t i o n s  o f  such a  r e p r e s e n t a t i o n  
in  th e  case  o f  a system  o f  i d e n t i c a l  fe rm ions  i n  th e  s i n g l e - p a r t i c l e  model.
The vacuum s t a t e  i s  deno ted  by |0> and n o rm a l iz e d  as
<0|0> = 1
A s i n g l e  p a r t i c l e  occupying  a s t a t e  |a> i s  c o n s id e re d  t o  be th e  r e s u l t
i *  I
o f  th e  a c t i o n  o f  a c r e a t i o n  o p e r a t o r  a on t h e  vacuum s t a t e  |0> i . e .
a*^|0> = |a> ( I I . 1)a 1
By d e f i n i t i o n
< 0 |a + = 0 1 a ( I I . 2)
A lso , b eca u se  o f  t h e  P a u l i ’s e x c lu s io n  p r i n c i p l e
a"^|a> = 0 a 1 ( I I . 3)
However
a ^ |3 >  = M > ( I I . 4)
s in c e  th e  wave f u n c t i o n  o f  a system  o f  i d e n t i c a l  fe rm ions  h a s  t o  be
a n t is y m m e tr ic  u nder  th e  exchange o f  any two p a r t i c l e s ,  i . e
t h e r e f o r e
+ + + +
a al  + a e o = 0 . P I . S )
•j*
One can  a l s o  d e f in e  t h e  h e rm i t i a n  c o n ju g a te  o f  a^  which i s  c a l l e d  
a n n i h i l a t i o n  o p e r a t o r  a^  such t h a t
aa |ct> = |0> ( I I . 6)
By d e f i n i t i o n
so t h a t
From ( I I . 1)
a j 0 >  = 0 ( I I .  7)
< 0 |a ^  = 0  ( I I . 8)
< 0 |a a = <a| ( I I . 9)
From ( I I . 4)
<31aa = <a$ | (11.10)
The a n n i h i l a t i o n  o p e r a to r s  a l s o  s a t i s f y  t h e  an t ico m m u ta t io n  r e l a t i o n ,  i . e .
aa a (S + V e t  = 0 ( I I -n }
Moreover
V e  + a K  ■ 6ae ■ ( I I -12)
A s i n g l e  p a r t i c l e  o p e r a to r  in  t h i s  r e p r e s e n t a t i o n  i s  d e f in e d  as
A A .
A = 7 <a|AI3> a a„ (11 .13 )
a 6 “ 6
where th e  i n d i c e s  £ , a  run  o v er  th e  com plete  s e t .  I t  can be  e a s i l y  
shown t h a t  a sym m etric  two-body o p e r a t o r
A ( l ,  2) = A (2 ,1)
would be g iv en  by
T <oS|a |y6>  a +a ta  a .  (11 .14)
a M  “ 6 Y 6
The e x p e c ta t io n  v a lu e  o f  (11 .13) f o r  a  s t a t e  c o n s i s t i n g  o f  A -ferm ions
I t^> = a*^  a*^* . . . .  a"^ * 10>
a l  a2 a A
i s  a c .  number w r i t t e n  as
<i|)|A|^ > = I <a| A| 8><^ |a a^ | t|>> 
cx8
An e x te n s io n  f o r  an n-body o p e r a t o r  can be ach iev ed  e a s i l y .
APPENDIX I I I
THE EQUIVALENCE OF WATSON AND KMT POTENTIALS
KMT WWe want to  e s t a b l i s h  a c o n n e c t io n  between U ^ and V up too p t .  o p t .  r
second  o r d e r .  In  te rm s o f  o p e r a t o r
t  = v + vGt; G = (E-H..-K + ie)~*’ v N o J
W atson’s p o t e n t i a l  up to  2nd o r d e r  i s
Uo p t .  = ( ° l ? V l ° )  + I  (O h iQ G tjlO )  -  I ( 0 | t . | 0 ) G 0 C 0 | t . | 0 )
The K M T-potential i s  d e f in e d  in  te rm s o f  t ,  where 
T = V + VffiGt
C . =  C A - i d c o | x | od  ♦  ( a - i 3 * ( o | t  g Q t | o )
In  o rd e r  to  e x p re s s  t h i s  in  te rm s o f  ’t 1, we n o te  t h a t
t = t  + t  (<2-1)Gt
T h e re fo re  (up to  2nd o rd e r )
= ( A - l ) ( 0 | t | 0 )  + ( A - l ) ( 0 | t ( a - l ) G t | 0 )
+ ( A - i f  (0 | tccGQt 10)
= (A -l)  (0 1110) + [ ( A - l f  + ( A - l ) ] ( 0 | t a Q G t |0 )
- ( A - l ) ( 0 | tQ G t |0)
where we have used  (<e-l)P=0
S ince  ’ t 1 i n  th e  above e q u a t io n  i s  an o p e r a t o r  f o r  any one o f  th e  n u c le o n s ,  
we can in t r o d u c e  summations, i . e .
A
( A - l ) (0 t  0)+
so t h a t
uKMT , o p t .
A -l C0| I  t |o) ■+
i = l
A -l
i  3
C O i y t . Q C f o  | ° )  -  ^ - I ( 0 | t . Q G t . | 0 )
term
In  th e  seco n d Aon th e  R .H .S . ,  we have in t r o d u c e d  doub le  summations because  
o f  th e  p r e s e n c e  o f  o p e r a t o r  eg.
F i n a l l y
A  t J O )  + ^ - 1 ( 0 1_U
KMT
o p t . * 2 r ) ( 0 |  I  t . | 0 )   CO I J  t . Q G t . | 0 )A J i = l  1 A J iytj 1 3
wComparing t h i s  w ith  U0p t  > one can im m ed ia te ly  w r i t e
o p t . A -lV J u ™ .  -  ? C 0 | t . | 0 ) G 0 ( 0 | t i | 0 )
I t  may be m entioned  t h a t  N agara jan  e t  a l  (1975) f i n d
WU = A -lA ' u KMI -  J -  GPUW(A -l)
I f  we wish to  keep on ly  second o rd e r  term s th e n  in  th e  second te rm  on 
R.H.S. o f  above e q u a t io n  we may r e p l a c e  •
UKMT ( A - l ) t  
WU £ At
which g iv e s
UW = ^ y j u KMT - AtGPt
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